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1 Introduction 





In this paper we define instanton Floer homology groups for a pair consisting of 
a compact oriented 3-manifold with boundary and a Lagrangian submanifold of 
the moduli space of flat SU(2)-connections over the boundary. We carry out the 
construction for a general class of irreducible, monotone boundary conditions. 
The main examples of such Lagrangian submanifolds are induced from a disjoint 
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union of handle bodies such that the union of the 3-manifold and the handle 
bodies is an integral homology 3-sphere. The motivation for introducing these 
invariants arises from our program for a proof of the Atiyah-Floer conjecture 
for Heegaard splittings [21 HI] . We expect that our Floer homology groups are 
isomorphic to the usual Floer homology groups [131 Hj of the closed 3-manifold 
in our main example and thus can be used as a starting point for an adiabatic 
limit argument as in [12]. On the level of Euler characteristics, the Atiyah-Floer 
conjecture was proven by Taubes ^30j . 

Floer homology groups for 3-manifolds with boundary were first constructed 
by Fukaya [TS] with a different method. His setup uses nontrivial S0(3)-bundles 
and thus cannot immediately be used for the proof of the Atiyah-Floer conjec- 
ture where the bundles are necessarily trivial. Our approach is motivated by 
the construction of a Chern-Simons functional on 3-manifolds with boundary. 

Let y be a compact oriented 3-manifold with boundary and denote 

St^ar, G:=SU(2), 0:=su(2), (tv) -H^v) 

for ^, 77 e g. While many of the results in this paper carry over to general com- 
pact Lie groups (and nontrivial bundles), our construction of Floer homology 
works in this form only for G — SU(2) (where the bundles are necessarily triv- 
ial). The whole story also carries over to nontrivial S0(3)-bundles, where the 
moduli spaces of flat connections are nonsingular and monotone, however, in 
this paper we restrict to the case G = SU(2). 

The space A{T^) := ri^(S, g) of connections on E carries a natural symplectic 
form 

c^(a,/3) := /(aA/3) (1) 

for a,(3e TaA{1:) = ^^^^,0), the action of the gauge group ^(S]) := C°°(S, G) 
on A(T,) is Hamiltonian, and the moment map is the curvature (see [3]). The 
(singular) symplectic quotient is the moduli space 

Afs ^fiat(S)/e(S) = -A(S)//e(S) 

of flat connections. We assume throughout that £ C -4(S) is a gauge invariant, 
monotone, irreducible Lagrangian submanifold in the following sense. 

(LI) £ is a Frechet submanifold of .4(E), each tangent space T^£ is a La- 
grangian subspace of 57^(1], g), £ C .4flat(S), and £ is invariant under t/(S). 

(L2) The quotient of £ by the based gauge group fJz(S) is compact, connected, 
simply connected, and 7r2(£/C/z(5^)) = 0. 

(L3) The zero connection is contained in £ and is nondegenerate (as a critical 
point of the Chern-Simons functional). Moreover, every nontrivial flat connec- 
tion A G A{Y) with Ajs e £ is irreducible. 

A detailed explanation and a finite dimensional characterization of these condi- 
tions is given in Section[2l In particular, the assumptions imply that £ descends 
to a (singular) Lagrangian submanifold L := C/Q{Y.) C Afs. If is a disjoint 
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union of handlebodies with dH = S then the subset Ch C A{T,) of all flat 
connections on E that extend to flat connections on Y satisfies (LI) and (L2). 
It satisfies (L3) if and only if y Us is an integral homology 3-sphere. 

The space A{Y, C) := {A e A{Y) | A|s S £} of connections on Y with boun- 
dary values in £ carries a gauge invariant Chern-Simons functional 

CSc : A{Y, C) M/47r2Z, 

well defined up to an additive constant, whose differential is the usual Chern- 
Simons 1-form (see Section [5]). The critical points are the fiat connections in 
A{Y,C). If we fix a Riemannian metric g on.Y then the gradient flow lines of 
the Chern-Simons functional with respect to the inner product are smooth 
maps R — *■ AiY) : s ^ A{s) satisfying the differential equation 

dsA + *Fa = 0, A{s)\y. eL Vs e M. (2) 

As in Floer's original work [13] the main idea is to use the solutions of ^ to 
construct a boundary operator on the chain complex generated by the gauge 
equivalence classes of the nontrivial flat connections in -4flat(i^, C)- This deflnes 
the Floer homology groups IIF(y, £). To make this precise one needs pertur- 
bations that turn CSc into a Morse function whose gradient flowlines satisfy 
Morse-Smale type transversality conditions. 

We shall work with gauge invariant holonomy perturbations hf : AiY) M. 
as in [3ni [131 IS] (see Section [5| and Appendix |D|) . The differential oi hf has the 
form dhf{A)a = Jy{Xf{A)Aa) for a suitable map Xf : A{Y) n^{Y,g). The 
space of gauge equivalence classes of critical points of the perturbed Chern- 
Simons functional CSc + ^/ will be denoted by 

Uf := {A e AiY, C)\Fa+ Xf{A) = 0} /g{Y) 

and the perturbed gradient flow lines are solutions of the boundary value prob- 
lem 

d,A + ^{FA+Xf{A)) =0, A{s)\Y:eC VseM. (3) 

The space of gauge equivalence classes of solutions of Q that are asymptotic 
to [A"^] G TZf as s tends to ±oo will be denoted by M{A~ , A~^; g, f). In the 
transverse case with irreducible limits [A^] ^ this moduli space is a manifold 
whose local dimension near [A] S Ai{A~ , A'^ ; g, f) is given by the Fredholm 
index Sfi^A) of a suitable linearized operator. A crucial fact is the energy-index 
relation 

Sf{A)^^EfiA) + 7^f{A-)-^f{A+) 

for the solutions of ^ with energy Ef{A) — \\dsA\\'j^2(Y)' with a function 
77/ -.TZf M. This is Floor's monotonicity formula; it follows from the fact that 
C/QziT,) is simply connected. The assumption on 7:2 is only needed for the 
orientability of the moduli spaces. 

Floer's original work corresponds to the case dY = 0. The object of the 
present paper is to show that all of Floer's ideas carry over to the case of 
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nonempty boundary. The upshot is that, for a generic perturbation hj, all 
critical points of CSc + hf are nondegenerate and so TZf is a finite set, and 
that, for every pair [A^^] € TZf the moduh space M^{A~ , A'^; g, f) of index 1 
connecting trajectories consists of finitely many flow lines up to time shift. The 
monotonicity formula plays a central role in this finiteness theorem. As a result 
we obtain a Floer chain complex 

CF,(y, £;/):= Z {A) 

lA]enf\[o] 

with boundary operator given by 

d{A-) := J2 #{M\A-,A+;gJ)/R) {A+). 
lA+]eKf\m 

Here the connecting trajectories are counted with appropriate signs determined 
by coherent orientations of the moduli spaces (Section [TO]). It then follows from 
gluing and compactness theorems (Sections [7] and (HI) that — 0. The Floer 
homology groups are defined by 

HF,(y,/:;/,g) ker(9/im(9. 

We shall prove that the Floer homology groups are independent of the choice 
of the metric g and the perturbation / used to define them (Section [TT]). 

Remark 1.1. In the handle body case we expect the Floer homology groups 
HF(F, to be naturally isomorphic to the instanton Floer homology groups 
of the homology 3-sphere Y Us H. The proof will be carried out elsewhere. 

Remark 1.2. An interesting special case arises from a Heegaard splitting M = 
Hq Us Hi of a homology 3-sphere into two handle bodies Hi with dHi = E. 
We obtain the Floer homology groups HFh,([0, 1] x T,,Cho ^ ^Hi) from the 
following setup: The 3-nianifold Y := [0, 1] x S has two boundary components 
dY — EUS, and attaching the disjoint union of the handle bodies H := HqUHi 
yields the homology 3-sphere Y Us^s H = M. The Lagrangian submanifold 
is £ho X £hi — C-H C ^(S U E). If this Floer homology is isomorphic to 
HF*(M), as expected, then the proof of the Atiyah-Floer conjecture for M 
reduces to an adiabatic limit argument as in [12] which identifies the symplectic 
Floer homology group of the pair of Lagrangian submanifolds Lhq , Lh^ of the 
singular symplectic manifold Ms := ^flat(S)/t/(E) with the Floer homology 
groups IIF([0, 1] X T,,Cho ^ ^Hi) defined in the present paper. Since Afs is 
a singular space, this requires as a preliminary step the very definition of the 
symplectic Floer homology groups oi Lhq and Lh^ with L^i ■= ^Hi/GC^)- 

Remark 1.3. If Hq, Hi,H2 are three handle bodies with boundary E such that 
the manifold Mij := iJ^ Us -ffj is a homology 3-sphere for i ^ j, then there is a 
product morphism 
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where Y := [0, 1] x S. A key ingredient in the definition is the observation 
that ([3]) is the perturbed anti-self-duaUty equation for a connection on M x F in 
temporal gauge. Thus equation Q can be generalized to a 4-manifold X with 
a boundary space-time splitting and tubular ends (Section [S]) . The definition 
of the product morphism will be based on the moduli space for the 4-manifold 
X — A X S, where A is a triangle (or rather a disc with three cylindrical 
ends attached). The details will be carried out elsewhere. We expect that our 
conjectural isomorphisms will intertwine the corresponding product structures 
on the symplectic and instanton Floer homologies. 

The construction of the Floer homology groups in the present paper is based 
on the foundational analysis in [Ml [351 133 H3| for the solutions of the bound- 
ary value problem In our exposition we follow the work of Floer ^13, and 
Donaldson i^i and explain the details whenever new phenomena arise from our 
boundary value problem. Recall that the present Lagrangian boundary con- 
ditions are a mix of first order conditions (flatness of the restriction to dY) 
and semi-global conditions (pertaining the holonomy on dY) , so they cannot be 
treated by standard nonlinear elliptic methods. 

In Section [2] we recall the basic properties of the Chern-Simons functional 
on a 3-manifold with boundary and in Section [3| we discuss the Hessian and 
establish the basic properties of the linearized operator on M x F. Section [5| 
examines the spectral flow and the determinant line bundle for operators over 

x Y. Section [5| establishes exponential decay on tubular ends. Section [Hi sets 
up the Fredholm theory for general 4-manifolds with space-time splittings of 
the boundary and tubular ends. In the second half of the section we focus on 
the tube R x y, examine the spectral flow, and prove monotonicity. Section [7| 
proves the compactness of the moduli spaces, based on [35l [36]. 

In Section [8| we establish transversality, using holonomy perturbations. The 
novel difhculty here is that we do not have a geometric description of the bub- 
bling effect at the boundary. So, instead of a gluing theorem converse to bub- 
bling, we use monotonicity and work inductively on the energy levels. The 
second difficulty is that we need to keep the support of the perturbations away 
from the boundary, since the techniques of [3S| do not extend to the perturbed 
equation. As a result we cannot obtain an open and dense set of regular pertur- 
bations but - still sufficient - we find a regular perturbation up to index 7 near 
any given perturbation. In an appendix to this section we establish the relevant 
unique continuation results. In the process we reprove Taubes' unique continu- 
ation result [31j for anti-self-dual connections that vanish to infinite order at a 
point. This is needed to overcome difficulties arising from the nonlinear bound- 
ary conditions. After these preparations, the construction of the Floer homology 
follows the standard routine. For the gluing results in Section[9|we focus on the 
pregluing map and the Banach manifold setup for the inverse function theorem. 
In Section [TOj we construct coherent orientations in the Lagrangian setting. The 
Floer homology groups are defined in Section [TTl 

There are several appendices where we review standard techniques and adapt 
them to our boundary value problems. Appendix \X\ deals with the spectral fiow 
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for self-adjoint operator families with varying domains. Appendix [B] discusses 
the Gelfand-Robbin quotient, an abstract setting which relates self-adjoint op- 
erators with Lagrangian subspaces. These results are needed for the index cal- 
culations and orientations in Sect ions [3] and [SI Appendix [Cl reviews the Agmon- 
Nirenberg unique continuation technique used in Section [51 In Appendix [D] we 
discuss the basic analytic properties of the holonomy perturbations and prove 
a compactness result needed in Section [71 Appendix [El deals with Lagrangian 
submanifolds in the space of connections. We construct an L^-continuous triv- 
ialization of the tangent bundle TC, used in Sections [31 and [SI and a gauge 
invariant exponential map for C, used in Section [51 

Notation. Wc denote the spaces of smooth connections and gauge transforma- 
tions on a manifold Z by A{Z) := n^{Z,2) and g{Z) C°°(Z,G). The gauge 
group g{Z) acts on A{Z) by u*A := u^^Au + u^^du and the gauge equivalence 
class of A G A{Z) is denoted by [A]. A connection A e A{Z) induces an exterior 
differential d^ : n^{Z,g) ^ n''+^{Z,g) via d^r := dr + [A A r]. Here [•, •] de- 
notes the Lie bracket on g. The curvature of A is the 2-form F4 :— dA + A/\ A 
and it satisfies d^d^^r = [F^ A r]. The space of flat connections is denoted 
by ^flat(^) := {A e A{Z) I Fa = 0}. Connections on X = R X K or other 
4-manifolds will be denoted by A or S, whereas A denotes a connection on a 
3-manifold F or a 2-manifold S. We say that a connection A ^ A + $ds on 
M X y is in temporal gauge on / x F if ^\ixy = 0. 

2 The Chern— Simons functional 

Let y be a compact oriented 3-manifold with boundary dY = E and G = SU(2). 
The Chern-Simons 1-form on A{Y) is defined by 



for a e TaA{Y) = n'^{Y,g). If Y is closed, then (g]) is the differential of the 
Chern-Simons functional CS : A{Y) M given by 



under a gauge transformation u G GiY): thus the Chern-Simons functional 
descends to a circle valued function B{Y) := A{Y)/g{Y) R/An'^Z which 
will still be denoted by CS. If Y has nonempty boundary dY = E, then the 
differential of ^ is the standard symplectic form on ^(E). To obtain a 
closed 1-form we restrict the Chern-Simons 1-form to a subspace of connections 
satisfying a Lagrangian boundary condition. 




(4) 



CSiA) :=1 l^[{AAdA) + ^{AA[AAA])) 



It changes by 



CS{A) - CS{u*A) = An^ deg{u) 



(5) 
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Lagrangian submanifolds 

The relevant Lagrangian submanifolds of A{T,) were studied in detail in [531 Sec- 
tion 4] . Following [33] we assume that £ C -4(E) is a gauge invariant Lagrangian 
submanifold satisfying (LI). This condition can be rephrased as follows. 

(LI) First, C is contained in ^flat(E) and is invariant under the action of ^/(E). 
Second, for some (and hence every) p > 2 the L^-closure of £ is a Banach 
submanifold of the space of LP-connections, A°'P{I:) := LP(E,T*E (g) g). 
Third, for every A G C the tangent space TaC C f2^(E,g) is Lagrangian, 
i.e. 

uj{a, /?) = V/3 e TaC ^ ae TaC (6) 
for every a S 17^(E,0). 

Let C^'P C ^°'P(E) denote the LP-closure of C. Then C = C" p n ^(E) and 
the tangent space TaC of a smooth element A g £ - as in (LI) - is understood as 
the intersection of the Banach tangent space Ta.C'^'P with the space of smooth 
1-forms. This space is independent of p > 2 and coincides with the space of 
derivatives of smooth paths in C passing through A^ This follows from a finite 
dimensional characterization of the manifold property which we explain next. 

A base point set is a finite set z C E which intersects each component 
of E in precisely one point. For every base point set z the based gauge group 
^^(E) := {u e ^(E) I u{z) = 1} acts freely on A{T,). Let 2g := dim iJi(E) and 
pick 2g loops in E that generate -ffi(E) with base points chosen from z. The 
holonomy around these loops defines a map : Adat G^^ which is invariant 
under the action of the based gauge group ^/^(E). If £ is a gauge invariant 
subset of ^flat(E) then C'^'P is a Banach submanifold of yl°'''(E) if and only if 
the image Pz{C) C G^^ of the holonomy morphism is a smooth submanifold. 
There is however no well defined moment map for the action of ^/^(E), so the 
symplectic structure does not descend to the quotient. On the other hand, the 
quotient L := C/G{^) has singularities in general, but it intersects the smooth 
part of the moduli space := .Afiat(E)/Cy(E) in a Lagrangian submanifold. 

If C'^'P C ^'^'''(E) is a Lagrangian submanifold then £ is gauge invariant if 
and only if £ C ^flat(E); [Ml Sec. 4]. Condition (LI) implies that £ is a totally 
real submanifold with respect to the Hodge ^-operator for any metric on E, i.e. 

(E, g) = TaC ® *TaC VA e £. 

The construction of Floer homology groups for the Chern-Simons 1-form will 
require the following additional assumptions on £. 

(L2) The quotient space C/Gz{^) is compact, connected, simply connected, 
and TT2{C/Gz{'S)) = for some (and hence every) base point set z C E. 

^ It is not clear whether one could also work with Hilbert submanifolds C C A^^'^{T,). 
This is connected to subtle questions concerning the gauge action at this Sobolev borderline, 
see [23]. 



7 



(L3) The zero connection is contained in £. It is nondegenerate in the sense 
that da = <J=4> a S imd for every a g To^(y, £). Moreover, every flat 
connection in -4(F, £) that is not gauge equivalent to the zero connection 
is irreducible. 

In (L2) the hypothesis that LjQziX) is simply connected is needed to estab- 
lish an energy-index relation for the Chern-Simons functional. The hypothesis 
T^i{,C.IQz{^^ = is only used to orient the moduli spaces. It can be dropped 
if one wants to define Floer homology with Z2 coefficients. These two condi- 
tions imply that 7ri(£) is isomorphic to ■k\(^Qz{^') = 7ri(C/(S)) and the map 
7r2(Sz(S)) = 7r2(t/(S)) 7r2(£) is surjective. To see this, note that £ is a fiber 
bundle over the base C/Qz{^) (see [Ml Lemma 4.3]). In particular, (L2) implies 
that 7ri(£) = Z'^"^^' since the fiber Qzi^) has fundamental group whenever 
E has N connected components. (For a connected component S' an isomor- 
phism TTiiGziT.')) = Z is given by the degree of a map x ^' ^ SU(2) = S^.) 

The main example of a Lagrangian submanifold of A(T.) arises from the 
space of flat connections on a disjoint union H of handle bodiesH with boundary 
dH = E. Here E is the same manifold as E but equipped with the opposite 
orientation. Given such a manifold H define 

Ch {A\s\AeAnAH)}. 

Lemma 2.1. Let H be a disjoint union of handle bodies with dY — E. Then 
the following holds. 

(i) Ch is a Lagrangian submanifold of A{T,) that satisfies (LI) and (L2) and 
contains the zero connection. 

(ii) The zero connection is nondegenerate if and only if Y U H is a rational 
homology 3-sphere 

(iii) Every nontrivial flat connection in Aa^tiY, Ch) is irreducible if and only 
ifYUH is an integral homology 3-sphere 

Proof. That Ch satisfies (LI) was proved in jMl Lemma 4.6]. That Ch contains 
the zero connection is obvious. That it satisfies (L2) follows from the fact that 
the based holonomy map induces a homeomorphism from Ch /Qzi^) to 
with G = SU(2) when E is connected and has genus g, and that 

£hiU...uh„/^{.i,...,.„}(SiU...UE„) = £H,/g,,(Ei) X ... X CH„JQ.A^„^) 

in the case of several connected components. This proves (i). 

To prove (ii) we need to consider a S r2^(y,0) with da = 0. The linearized 
Lagrangian boundary condition on a is equivalent to the existence of an ex- 
tension a en^{Y{J H,g) with da = 0. If H^(Y U H;R) = (or equivalently 
Hi{Y U H;Q) — 0), then any such 1-form is exact on Y U H and thus on Y. 

^ A handle body is an oriented 3-manifold with boundary that is obtained from a 3-baIl 
by attaching 1-handles. Equivalently, it admits a Morse function with exactly one minimum, 
no critical points of index 2, and attaining its maximum on the boundary. 
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Conversely, if a £ kerd, then nondegeneracy implies a|y S imd and hence 
J^a = for every loop 7 C F. This implies that a is also exact onYU H since 
every loop in F U 7J is homotopic to a loop in Y. This proves (ii). 

We prove (iii). Flat connections in A{Y, Ch) can be identified with flat con- 
nections in A{Y\JH). The gauge equivalence classes of irreducible but nontrivial 
connections are in one-to-one correspondence with nontrivial homomorphisms 
7ri(r \JH)^ S^. These exist if and only if Hi{Y UH;Z)^0. □ 

Lagrangian submanifolds and representations 

We characterize our Lagrangian submanifolds as subsets of the representation 
spaces for Riemann surfaces. For simplicity we assume first that E is connected. 
Fix a base point z G Tt and choose based loops ai, . . . , a^, . . . , /3g representing 
a standard set of generator^ of the fundamental group. The based holonomy 
around the loops a; and f3i gives rise to a map ■ -4(E) G^^. This map 
identifies the moduli space M^, of flat connections with the quotient of /^^(l) 
by conjugation, where / : G^^ ^ G is defined by 

fixi,...,xg,yi,...yg) ■■=Ui=i^iyi^i^yr^- (7) 

The correspondence between flat connections and representations is reformu- 
lated in (a) and (b) below. Assertions (c) and (d) are the infinitesimal versions 
of these observations. 

Remark 2.2. (a) Let w — {xi, . . . ,Xg,yi, . . .yg) G G^^. Then there exists a 
flat connection A E AnatC^) with Pz{A) — w ii and only if f{w) = 1. 

(b) Let A, A' e y^flat(E). Then A is gauge equivalent to A' if and only if Pz{A) 

is conjugate to pz{A'). 

(c) Let A e ytflat(E), w := pz{A), and w e T^G^s. Then df{w)w = if and 

only if there exists an a S g) such that d-ACt = and dpz{A)a = w. 

(d) Let A g y^flat(S) and a S ri^(I],g). Denote w :— Pz{A) and w :— dpz{A)a. 

Then a € im d^ if and only if w belongs to the image of the infinitesimal 
conjugate action : q T^G^^ given by L^^ = £_w — wS,. 

While the identity element 1 G G is not a regular value of /, it follows 
from (c),(d) that the differential dpz{A) : f^^(S,0) T^G^f at a flat connec- 
tion A G ^fiat(S) identifies H\ :— kerdyi/imd^i (the virtual tangent space of 
Ms) with the quotient kerd/(u')/imit„ at w — pz{A). The gauge invariant 
symplectic form ([I} descends to H\ and thus induces a symplectic form 

flw ■ kerd/(u')/imiy„, x kei df{w)/im L^u — s- R 
n^{w,w') / (aAa'), 

The standard generators of 7ri(S, z) satisfy the relation Of^i <^iPi<^^^ = 
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where the (infinitesimal) connections A S Anati'^) and a, a' E kcrd^i are cho- 
sen such that w = Pz{A), w = dpz{A)a, and w' — dpz{A)a'. An exphcit 
formula for this symplectic form at w = {xi, . . . , Xg, yi, . . . , Ug) on the vectors 
w = {^ixi,.. .,^gXg,?nyi, ■ ■ ■,Vgyg), w' = {^[xi, . . . ,^'gXg,?][yi, . . .,'n'gyg) is 

n^{w,w') = Y.Ui{i i^i^^i^i + x^^SiXi - 5i-i),f]- ) (8) 
- ( {vi^ViVi + Vi^Siyi - 5i^i),i[ )). 

Here &j = — (dhol(yl.)a)hol(A)^^ is the infinitesimal liolonomy along the path 
HLi a^P^ai^P~\ i.e. 

Sj = Cj^Sc^ + Cj^Cj}^Sc^_,Cj + ...+Cj^ ... C^^Sc,C2 . . . Cj, 

a := XiyiX~^y^^, 5^^ := x.iyi{y~^£,,yi - + Vi ~ x'~^ViXi)x~^y~^ . 
One should compare this with the identities /(w) = ci ■ ■ ■ Cg ~ and 

df{w){w) = Ci . . .Cg_i(5cg + Ci . . . Cg_2<5cg_iCg + . . . + (5ciC2 ...Cg^O. 

Combining these we see that = 1. So on the torus S = the formula 
simplifies to Qw{w,w') — {x^^£_x,7]' ) — {y^^rfy,^'). Moreover, if T C G is 
any circle and w S T^f c G^f then the restriction of to R^s ^ T^T^f c 
kerd/(u') is the standard symplectic form on Euclidean space. By construction 
and assertions (a-d) above, Q descends to the symplectic form on the (singular) 
symplectic quotient /~^(I1)/G = Ms = A{T?} // Q [Y^) . In fact, one can verify 
directly that U, is G-invariant and that its kernel at each point is the tangent 
space to the G-orbit. Thus, on the complement of the reducible set, VI descends 
to a smooth symplectic structure on the G-quotient. 

In the case of the torus S = all points of /"-'^(l) are reducible; in this 
case My2 can be identified with the quotient of the moduli space of flat 5^- 
connections by a residual Z2-action with four isolated fixed points {(±1, ±1)} 
(corresponding to the same four points in G^). For a general surface S, the set 
of reducibles in /^^(l) is the union Utcg "^^^ maximal tori T C G. For 

g > 2 this set has codimension Ag — 2 > 3g in G^^ . So for a half dimensional 
submanifold N C G^^ the set of irreducibles will always be dense in N. In the 
case of genus 2 the same is true if we require rilxjv = 0, since the codimension 
of the set of reducibles is 3g but N cannot intersect it in an open set since is 
nondegenerate on each subtorus T^^ of the reducibles. 

If S has several connected components we fix a base point set z C S and 
obtain the 2-form as sum of the 2-forms of the connected components. We then 
have My: — f^^W/G^°'"^\ where G^"*^^-* acts by conjugation with a fixed group 
element on each connected component and / : G^^ G^o(s) jg ^^^^ product 
of the relations ([7]) for each connected component. Now we can reformulate 
the assumptions (Ll-3) on the Lagrangian submanifolds £ C .4(1]) as follows: 
C = p^^{N) C .4(1]) is the preimage of a submanifold N C G^^ satisfying the 
following conditions. 

(LI) N C /"^(ll), N is invariant under G'^°'^^\ dim = 3g, and ^Itm = 0. 
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(L2) A'^ is compact, connected, simply connected, and 1:2 (N) — 0. 

(L3) Nnpz{Afia.tiY)) contains (l, . . . , 1) as isolated point and does not contain 
any other reducible points (with respect to the conjugate action of G^°^^^ ). 

The above discussion of the reducible locus shows that, by condition (LI), the 
quotient L := N/G^°^^^ C Ms is Lagrangian at a dense set of smooth points. 



The Chern— Simons functional 

Fix a compact, connected, oriented 3-manifold Y with nonempty boundary 
dY = S and a gauge invariant, monotone, irreducible Lagrangian submanifold 
C C A{T,) satisfying (Ll-3) on page[7l Then the restriction of the Chern-Simons 
1-form (HI) to the submanifold 

A{Y,C) := {A e A{Y) \ A\^ E C} 

is closed. It is the differential of the circle valued Chern-Simons functional 

CSc ■■ A{Y, C) -> R/An^l 

given by CSc{A) := [CS{A, B)], where 



CS{A,B):^^J^[{ AAdA ) + 1{Aa[A A A])) - ^ 



B{s)AdsB{s))ds. 



Here i? : [0, 1] ^ £ is a smooth path satisfying B{0) — A|s and B{1) = 0. 

Remark 2.3. Note that CS{A, B) is the value of the Chern-Simons functional 
on the connection A on Y := F U ([0, 1] x E) given by A on F and by B 
on [0, 1] X S. Here we glue dY = S to {0} x E, and on the new boundary 
dY = {1} X E we have i ee 0. 

Lemma 2.4. (i) The Chern-Simons Junctional CS{A, B) is invariant under 
homotopies of B with fixed endpoints. 

(ii) Ifu : [0, 1] 5(E) satisfies u(0) = u{l) = 1 then 

CS{A, B) - CS{A, u*B) = 47r2 deg u. 

(iii) If Bo,Bi : [0,1] C are two paths with Bo{0) = Bi{0) and Bq{1) = 
Bi(l) = then there is a path u : [0, 1] 5(E) with u(0) = u{l) = II such that 
Bi is homotopic to u*Bq (with fixed endpoints). 

(iv) The circle valued function CSc ■ A{Y,C) —f R/47r^Z descends to the quo- 
tient B(Y,C) ■.^AiY,C)/g{Y). 

Proof. The Chern-Simons functional is invariant under homotopies since 
-dtCS{A,Bt.) = jj^{dtBt{s)AdA{s)) + {Bt{s)AdtdsBt{s))) ds 



[dtBt{s)AdsBtis))ds- 



'Btis)AdtBtis)) 



1 
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for every smooth homotopy Bt : [0, !]—>/! with fixed endpoints. The first term 
on the right is the symplectic form on dtBt,dsBt S Tb£ and the second term 
vanishes since dtBt(s) = for s = 0, 1. Hence dtCS{A, Bt) = 0. This proves (i). 

To prove (ii), we abbreviate ;= M/Z, define u : x ^ SU(2) by 
u{t, z) :— u{t)(z), and calculate 

2{CS{A,B) -CS{A,u*B)) 

^ lo I {^^^'^B{dsU-u-^)) + {du-u-^/\{dsB + dB{dsU-u-^)))'^ds 

^ lo I (^^^(^'^(^''"■^"^) + [-^'^^"'""^0) + (fi^-""^^d(asw-w-i)))ds 

= 2 f [ {FbAOsU-u^^) - ( iv{du-u^^ Adu-u^^ hdu-u^^) 
= Stt^ deg u. 

Here the first equation follows from the definitions, the second equation uses 
the formula ds{u*B) = u~^{dsB + dsidgU ■ u~^))u, the third equation uses 
integration by parts in s and the fact that dM(0) = dM(l) = 0, the fourth 
equation uses the formula d{dsU ■ u^^) — ds{du ■ u~^) = [du ■ u^^^dgU ■ u~^] 
and integration by parts over E, and the last equation follows from the fact 
that ^s(s) — for every s and that the standard volume form on SU(2) with 
integral 1 is 2An^u* dvolsu(2) = — tr(du • u^^ A du • ii^^ A du • u^^). Thus we 
have proved (ii). 

To see (iii) note that the catenation of —Bq and Bi is a loop in £ based 
at 0. ft is contractible in the base of the fibre bundle Gz{^) ^ £ £/Gz{^) 
and hence it is homotopic to a loop u : [0,1] Gz{^) in the fibre based at 
u(0) = u(l) = 1. Now the catenation of i?o, — ^Oi and Bi is homotopic with 
fixed endpoints to Bi on the one hand, and on the other hand to the catenation 
of Bq with the loop ii*0, which is also homotopic to u*Bq. 

It follows from (i-iii) that the map {A, B) — > CS{A^ B) induces a circle valued 
fimction CSc ■ A{Y,C) M/47r^Z. We prove that this hmction is invariant 
under gauge transformations. To see this we can use Remark 12.31 and extend 
any given u G G{Y) to a gauge transformation u e G{Y) on Y := YD ([0, 1] x E) 
with u\y = 1. Such an extension exists because ^/(E) is connected (which in 
turn follows from the fact that G = SU(2) is connected, simply connected, 
and 7r2(G) — 0). Hence assertion (iv) follows from ([5]), which directly extends 
to gauge transformations that are trivial over the boundary. This proves the 
lemma. □ 

Corollary 2.5. Let Bq G C and u : [0, 1] 5(S) with u{Q) = u{l) = 1. Then 

f f ( u{syBoAds{u{syBo) ) ds = 87r2 deg(u). 
Jo Js 
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Proof. The left hand side is twice the difference of the Chern-Simons functional 
in Lemma [2]4] (ii) . □ 



Perturbations 

We work with holonomy perturbations as in [3D1[T31[5]. Let D {z e C||z| < 1} 
be the closed unit disc and identify with M/Z, with the real coordinate 
denoted by 9. Choose embeddings 7^ ; S*-"^ x D ^ int(F) for i = 1,...,N 
such that the 7^ coincide on a neighbourhood of {0} x D. We denote by 
yOj : D X A{Y) G the map that assigns to a pair {z,A) the holonomy of 
the connection A around the loop [0, 1] — > F : 1-^ ji{9,z). Then the map 
p — {pi, . . . , pm) ■ X A{Y) — > descends to a map between the quotient 
spaces D x B{Y) G^/G, where the action of G on G^ is by simultaneous 
conjugation and B(Y) A{Y)/g{Y). 

Now every smooth function / : D x G^ M that is invariant under conju- 
gation and vanishes near the boundary induces a gauge invariant perturbation 
hf : A{Y) M given by 

hf{A) / f{z,p{z,A))d'z. 

The differential dhf{A) : TaA{Y) R has the form 

dhf{A)a = J^{Xf{A)Aa), (9) 

where Xf : A{Y) il^{Y,g) is a smooth map satisfying 

dAXf{A)^0, Xf{u*A)^u-^Xf{A)u, dXfiA)dA^^[Xf{A),^] (10) 

for A G A{Y), u G G{Y), ^ E r2"(F, g). This follows from the gauge invariance 
oi hf (see Appendix [D|) . Since dXf{A) is the Hessian oi hf we have 

J {dXf{A)a/\(3) ^ J {dXf{A)f3/\a). (11) 

Moreover, Xf{A) is supported in the union of the thickened loops %{S^ x D) 
and hence in the interior of Y. 

Critical points 

The critical points of the perturbed Chern-Simons functional CSc + hf are the 
solutions A € A{Y) of the equation 

FA + Xf{A)^0, A\^eC. 

Let Crit(C5£ + hf) denote the set of critical points and abbreviate 

TZf Cnt{CSc + hf)/g{Y). 
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Associated to every critical point A E A{Y, C) of CSc + ^/ is a twisted deRham 
complex 

n\Y,Q) ^ n\^c{Y.Q) ''^^^^^^ ^i^Y,Q) ^ n^Y,s), (12) 

where 

nl{Y,s) ■.= {Ten\Y,g)\T\^^0}. 

The first operator in this complex is the infinitesimal action of the gauge group, 
the second corresponds to the Hessian of the Chern-Simons functional, and the 
third to the Bianchi identity. A critical point A is called irreducible if the co- 
homology group of (fT^ vanishes, i.e. the operator dyi : Q°{Y,g) V,^(Y,q) 
is injective. It is called nondegenerate if the cohomology group H\ ^ vanishes, 
i.e. for every a G TaA{Y, C) we have 

d^a + dXf{A)a = -^=^ a G imd^. (13) 

This nondegeneracy means that the Hessian of the Chern-Simons functional is 
nondegenerate on a local slice of the gauge action. In Section[8]we will prove that 
for a generic perturbation every critical point is nondegenerate, i.e. CSc ~^ hf 
induces a Morse function on the quotient B{Y,C). 

Gradient flow lines 

Fix a metric g on Y. Then a negative gradient flow line of the perturbed 
functional C5£+/i/ is a connection A G A{S.xY) in temporal gauge, represented 
by a smooth path M -^{Y) '■ s i— > A{s) that satisfies the boundary value 
problem 

dsA + *{FA+Xf{A)) =0, A{s)\^eC Vs G M. (14) 
The energy of a solution is 

EfiA) = l I i\d,A\' + \FA + Xf{A)\')- 

In Section [5] we prove that (in the nondegenerate case) a solution A of has 
finite energy if and only if there exist critical points ^ A~ G Crit(C5£ + hf) 
such that A{s) converges exponentially to A^ as s tends to ±(X). Denote the 
moduli space of connecting trajectories from [A^] to by 

MiA-,A+) := I^AeA'"'P{RxY) 

where ^*™p(R x Y) denotes the space of connections on M x y in temporal 
gauge. The analogue of equation for connections A — ^ds + A that are not 
in temporal gauge is 

dsA-dA<^> + *{FA+Xf{A)) =0, A(s)|sG£ VsGR. (15) 




lim A{s) G 

>±oo 



/GiY), 
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This equation can be written in the form 

FA + X/(A) + *(FA + Xy(A)) =0, Ali^xaye-C Vs e M, (16) 

where X f{A){s,y) — X f{A{s)){y). In this form it generalizes to 4-manifolds 
with a space time of the boundary and tubular ends. 

The moduli space A4{A~ , A^) can also be described as the quotient of the 
space of all finite energy solutions of in temporal gauge outside of a compact 
set that converge to A^ as s ^ ±00. In this case the gauge group consists of 
gauge transformations that are independent of s outside of a compact set and 
preserve A^ at the ends. The study of the moduli space is based on the analysis 
of the linearized operator for equation (|15p . As a first step we examine the 
Hessian of the Chern-Sinions functional. 



3 The Hessian 

In this section we establish the basic analytic properties of the Hessian of the 
Chern-Simons functional and draw some conclusions on the structure of the set 
of critical points and the linearized operator of the gradient flow lines. 

We continue the notation of Section [2l The augmented Hessian of the per- 
turbed Chern-Simons functional at a connection A E A{Y, C) is the operator 



/ *Aa + *dXf{A) ~dA 



'■A 



(17) 



The additional terms — d^i and — d^ arise from a local slice condition. Think of 
T-La as an unbounded operator on the Hilbert space Li^iY, T*F ® q) x L'^{Y ® q) 
with dense domain 

domUA {{a, ^) G W^'''{Y, T*y ® g) x W^'''{Y, q)\ * a|ay = 0, a|ay € TaC}. 

Here we abbreviate TaC T^|j,£ for A G A{Y,C). 

The operator Ha is symmetric: for a,f] G i}^{Y,Q) and (p,ip & fl'^{Y,g) 

{HAia, if), (/3, i;) - ( (a, ^),Ha{P, ^) 

{{dAa + dXf{A)a- *dA(p)^P) + / {{dA*a)Aip) 

Y Jy 

r (18) 

{aA{dA(3 + dXf{A)/3~*dA^/j))~ {^/\{dA*f3)) 

Y JY 



(aAp) ~ / ((p,*/3> + / (*a>). 

dY JdY JdY 

If both (q, if) and (/3, ^) belong to the domain of Ti.A, then the boundary condi- 
tions guarantee that the last three integrals vanish. In particular, /^^(a A f3) 
is the symplectic form on ct\gY,f3\dY G T^£. An i^-estimate for the Hessian is 
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obtained from the following elementary calculation: If {a,ip) G domTi^ then 

\\T-(-A{a, ip)\\l2 ^ \\*dAa - d^-^H^s + ||d^a|li2 

= \\dAa\\l, + lld^^ll^, + ||d>||2, ~2 l^{aA[FA,^]) 

> '5||(a,<^)||^i,2 - C||(a,(^)|j^2 . 

Here the second equation follows from integration by parts. The inequality, 
with suitable constants S > and C, follows from the Cauchy-Schwarz inequal- 
ity and [331 Theorem 5.1] with p = 2. The resulting estimate (^)||vyi,2 < 
6-'^/'^\\nA{a,ip)\\L^ + (C/(5)i/2||(a,(/j)|lL2 implies that Ha has a finite dimen- 
sional kernel and a closed image. In Proposition (|3.ip below (which is the main 
result of this section) we will identify the cokernel (imTi^i)^) with the kernel 
and thus prove that the Hessian is a Fredholm operator and self-adjoint. We 
moreover establish the estimate for the Hessian in general Ty'^'P-Sobolev spaces. 
This will be used in the analysis of the linearized operator on K x y and for the 
exponential decay analysis. 

Proposition 3.1. (i) Ha is a self-adjoint Fredholm operator. 

(ii) For every A G A{Y, C) and every integer fc > and every p > I there exists 
a constant C such that the following holds. If {a,ip) G domTi^ and Ti.Aic(,f) 
is of class W^'P , then (a, (^) is of class W'^^^'P and 

||("''^)|L»=+i,P(y) < C'(II^A("'V)||vy<=,P(Y) + IK"''^)|Lp(F))- 

(iii) If Fa + Xf{A) = then ker Ha = Ha,/ x H'^, where 
ker dACr!°(r,fl), 

ker (d^ -f- dXf{A)) ker d^ C n\{Y, q), (19) 
{aen\Y,Q) \ *a|ay = 0, alayGT^/:}. 

Definition 3.2. Let A G A{Y,C) be a critical point of the perturbed Chern- 
Simons functional, i.e. Fa + Xf{A) — 0. The connection A is called nonde- 
generate if H\ j = 0; it is called irreducible if Hj^ — 0. 

Remark 3.3. (i) The vector spaces and Ha/ in Proposition 13.11 are iso- 
morphic to the first two cohomology groups in the complex ([72]) : they are the 
spaces of harmonic representatives. Hence a critical point A G A{Y, C) is non- 
degenerate in the sense of Definition 13.21 if and only if it satisfies (ITS)) . 

(ii) Hypothesis (L3) says that ^4 = is nondegenerate for the zero perturba- 
tion f — 0. Since the differential dXf{A) vanishes at ^ = for every / (see 
Appendix [D]) it follows that A = is nondegenerate for any perturbation. 

The proof of Proposition 13.11 requires some preparation. First, we need 
to introduce norms for the boundary terms in the upcoming estimates. Let 



^AJ '■ = 
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p* denote the dual exponent of p given by 1/p + 1/p* = 1. We define the 
following norms (which strictly speaking depend on Y) for a smooth function 
V? : S = 9y ^ g 

ll'Pll6ivi-i/p,P(S) •= inf{||<^||wi.p(y) I <^|s = v]-, 

|/j,(<^,'0) dvolsj 



\W\\bW-^/p.p(T.) sup 

o/venocE.fl) IIVIl6wi-i/p*.p*(E) 

For a 2-forni t G g) the corresponding norms are understood as the norms 

of the function *r G ri''(E,g). The following estimates for these boundary 
Sobolev norms will be useful. 

Lemma 3.4. For A G A{Y) and a G Vt^{Y, g) we have 



Moreover, if A €z A(Y,C) is a critical point ofCSc + hf then 

l|dAb(a|E)||fc^y-i/p,p(s) ^ + \\ML^iY))\\'iAa + dXf{A)a\\^^^Yy 
Proof. By definition we have 

¥A\Ao'k)Lw~UP.P(yA = sup-T-7] = sup ■' 



IbW-^/P'PCS) '="^f II , II — OU.JJ .. .. , 

^ ' i>=io IIV|lbwi-i/p*.p*(i;) i/'#o wWw^.p' (Y) 

where the supremum runs over all nonzero functions tp G ^'^{Y, g). Now the first 
identity follows from d(aAdAV') = (dAaAd^V') - ( "A [F^ , -0] ) . If A G A{Y,C) 
is a critical point of CSc + hf then Fa + Xf{A) — and hence 

|M . I Ml |/y((dA« + dXj(^)Q)AdAV')| 

< (1 + \\A\\l^(^y)) lld^a + dX/(^)a||^,(^j, 
where we have used ([TOl) and (fTT|) . This proves the lemma. □ 



The following lemma provides the basic estimates for Proposition 13.11 The 
first part is a regularity statement which goes a long way towards identifying 
the dual domain of Ha with its domain (thus establishing self-adjointness). The 
second part is an estimate for the Hessian on pairs (a, tp) that do not necessarily 
satisfy the boundary conditions. This degree of generality is necessary since 
the Lagrangian boundary conditions are nonlinear, so differences in A{Y, C) or 
derivatives of tangent vectors only satisfy the boundary conditions up to some 
small curvature term. 
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Lemma 3.5. The following holds for every p> 1 and every A e A{Y,£). 
(i) // (a, ip) S LP{Y, T*Y (8) g) x Lp{Y, g) and there is a constant c such that 



(20) 

for every {(3,^) G n\Y,g) x 170(^,0) mi/i Plgy € dA|^r!"(S,fl) anrf = 0, 

then {a,(p) € W^''PiY,T*Y (g) g) x l¥i'P(y,0) ond «i satisfies *a\oY = arid 
d^lg-j, (ajay) = m f/ie zweafc sense. 

(ii) There is a constant C such that 

||("'V')||vi/i,p(y) ^ ^{h'^Aa-'^M\Lp{Y) + l|d^a|Lp(y) + IK"' V') ILp(y) 
+ ll*"ls||fcH'i-i/P,P(S) + ll'i^ls("ls)||6^y-i/p,p(s)) 

/or allaen^Y,Q) and f e n° {Y, q) . 

Before we prove this lemma let us draw a conclusion that will be useful for 
the exponential decay analysis. 

Corollary 3.6. Let p > 1 and A G A{Y,C) be a nondegenerate critical point of 
CSc + hf. Then there is a constant C such that 

iPllwi. p(y) LP(Y) ll'^'4"^||iP(y) 

+ lh"ls||6wi-i/p-p(S) + l|ni(a|s)||ip(s) 

for every a G n^{Y,g), where 11^ : f2^(I],g) — > TavC"*" denotes the orthogonal 
projection onto the orthogonal complement o/T^iZ. 

Proof. By Lemma 13.51 (ii) with ip = we have 

ll"ILi.p(Y) ^ ^{W'^Ml LP (,Y) + IKAa|Lp(y) + ||a|Lp(y) 



r"ls|lbVKi-i/p,p(s) 



+ ||dA|j:(a|s)||j,^-i/p,p(s)) 
< C (\\dAa + dXf{A)a\\^^^y^ + \\d*Aa\\^^^Y) 

+ ll*"ls||bwi-i/P,P(s) + l|ni(a|s)|Lp(s) + \Hlp{y) 

Here we have used the estimate ||dX/(A)a||^p^y^ < c||a|j^p(y) of Proposi- 
tion |D?T] (iv) and Lemma 13.41 We added the term ||n;4(a|s)||^p|.j^^ on the 
right since 

ni(a|E) = o ^ cI^^TaC 

and the restriction of the operator Ha to the subspace {(a,0)} C domTY^ is 
injective. Hence the operator a i-^ (^dAd + dXf{A)a,d\a,*a\j:,Il'^{a\j:)) is 
injective and it follows that the compact term ||ck||^pj^yj on the right can be 
dropped. This proves the corollary. □ 
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Proof of Lemma \3.5\ It suffices to prove tlie lemma in the case *A|ay — 0. 
Tlie general case can be reduced to this by a compact perturbation of the 
operator (leaving the boundary conditions fixed). To prove (i) consider a pair 
(a,v5) e LP(y,T*y O g) x Lp{Y,q) that satisfies ^ with a constant c. Let 
C e f^°(F,B) with ^\qy = and choose (/3,'0) = (dAC,0). Then = and 

l3\oY = dA|^(C|E) and hence, by 



{Y) 



< (c + c\\A\\^^^Y) + II^^IIl-(Y) IICIIwi.P*(y) 



(21) 



Hence it follows from the regularity theory for the Neumann problem ([T] or 
e.g. [33 Theorem 2.3']) that ip € W^'P{Y,e) and 
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<C 



LP(Y)) ' 



(22) 



for a suitable constant C — C{A). 

Now fix a vector field Z G Vect(F) with HZH^ooj-y-) < 1 that is perpendicular 
to dY. Then it follows from ^ with /3 = and ■0 = £zC that 



>,d(/:zC); 



J^{a,[A,CzC] 



< c||/:zCllLP-(y) + 

< ||A||^<^^yj liQ^llLp(Y)) IICIIvFi.p*(y) 
for every ( e ^"(Y, g). Choosing ip — and /3 = ^(tz^ A dC) gives 



(23) 



;a,d*(6zgAdC)) 



< c lltzgAdCllip.(y) + 

< (c + Cz\Ml,^y) + \\Ml^(y) 



ifi,dA{Lz9 AdC)] 



[a,*[AA*{izgAd(:)]) 



v)llLP(y)) IICIIn/i,P*(y) 



(24) 



for every ( e fl°{Y,Q) with ^jgy = 0, where Cz '■= \\dizg\\L^(Yy Here we have 
used ([201) with *f3\oY = and /3|aY = 0. Combining ([231) and ([24]) we obtain 
the estimate 

^(a(Z),AC) < (2c + C'||(a,^)|l^,(y)) ||Cllwi,.*(y) 

for every e f7"(y, g) with Clay — and a suitable constant constant C = 
C'{A,Z) (see 1331 Theorem 5.3 (ii)]). This implies a{Z) e W^'P{Y,g) and 



|a(^)llvyi.p(F) ^ (^(c^- |l(a,(^)||^p(^)), 



(25) 
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where the constant C depends on A and the vector field Z. This proves the 
interior regularity of a as well as the regularity of its normal component. More- 
over, partial integration now shows that, for every C, € f2°(F, g) with C,\qy = 0, 
we have 

/ < (2c + C'||(a,^)IL.(y) + ||dKZ))||^,(y)) IICII 

Vl/i.P* {Y) ■ 

In particular, we can fix any normal derivative = G ^^'^(^^^,0) and find 
an admissible function ( e D.'^{Y,g) with (\gY = and ||CII wi-p* (y) arbitrarily 
small. Thus we have a(Z), g) = for all 5 e il^{dY, g), and hence a{Z) — 
for normal vector fields Z, i.e. *a|ay = 0. 

To deal with the tangential components near the boundary dY = S we use 
normal geodesies to identify a neighbourhood of the boundary with [0, e) x E 
with the split metric dt^ + gt, where {gt)t£[o,e) is a smooth family of metrics 
on E. In this splitting we write 

a = a-s + adt 

for e LP{[0,e) x E,T*E® g) and a e W^'P{[0,s) x E,g). Then 
a\t=Q = 0, ||a|lvKi.p < C{c + \\{a,(p)\\^p(Y)) 



by ((25)) . From now on d, and d* will denote the Hodge operator, the exterior 
derivative, and its adjoint on E. Wc abbreviate / [0,e) and denote by 
C^{I X E) the space of functions with compact support in (0,e) x E. Then the 
inequality (PO)) can be rewritten as 

{*dtl3^ - *d6 + dV') ) 

<c||(/3s,6,V)r 



{a,{dti>~*dl3^))+ {ip,{dtb-d*f3^ 

/xE J/xS 



LP*(/xS) 



for aU /3j: £ C^{I x E, T*E (g) g) and b,'ip £C^{I x E, g). Partial integration in 
the terms involving a and ip then yields 



{a^,{dtP^-db-*di:)) 
/xS 



< {c+\\a\\^^., + \My^^,,)\m,b,iJ)\\^,. 



Since C(f (/ x E) is dense in Lp' {I x E) we obtain dta^ £ LP{I x E,T*E g) 
and >i=daj;, d*ai; G x E,g) with corresponding estimates. Hence Vsas is 

of class LP (see e.g. [351 Lemma 2.9]); so cks is of class W^'P and satisfies the 
estimate 

IjaEllvi/i.p ^ C{c+ ||a||^i.p + ||(^||^i,p + llasllip) 

with yet another constant C. In combination with (f22|) and (I25|l this proves the 
regularity claimed in (i) and the estimate 

\\{a.'P)\\w^.P(Y) < C'(c+ |l(a,(^)|lip(y)). 
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To prove the second boundary condition on ajgy we use partial integration 
in (llOl to obtain 



vA/3) 



< c 



\dAa\ 



LP(Y) 



LP(Y) 
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LP*{Y) 



for every /3 e Q^{Y,q) with *(3\s — and € d^|j,r2*'(E, g). In particular, we 
can fix = d^|j,^ for any ^ e C°°(E,0) and find admissible /3 G g) with 

*/5|s = and ||/3||ip'(y) arbitrarily small. Thus we have Jj^{aAdA\j^£.) = for 
all ^ e fl°(E,0), that is d^|j,(a|i;) = in the weak sense. This proves (i). 

To prove (ii) let {a,ip) G {Y, g) x {¥, q) be given and choose 76 V.^{Y,g) 
such that 



ll7llwi.p(Y) ^ 2|| * a|s|l,,H'i-i/p,p(s), 



and denote a' := a — 7. There exists a constant Cq — Co{A) > such that 
II^A(7,0)llLP(y) < CoW * a|E|lbH'i-i/P,P(s) and hence 

I1^a(q:', (p)\\ ip(y) < WhAia, ip)\\ ^pf^Y) + ^0 ll*a|E|l,,vvi-i/p,p(s) c. 

Then it follows from ([TH]) that, for every pair (/3,'(/') e x with 

*/3|s = 0, we have 



|((a',^),HA(/3,^))| <c||(/3,7^)||ip.(y) 



;aA/3) 



(26) 



Let C e ^^°(>^,0) with f§|ay 
Lemma |3.4[ we have 



(aAd^C) 



and choose (/?,■(/') = (dyiC,0). Then, by 
< ||dA|B("ls)||b^y-l/p,p(2) llCllwi.p-(y) 



and hence, by ([26]) . 

< c|ldACIlLP*(Y) + 



((a',^),HA(d^C,0)) 
aAd^C) +lla'l 



'a',^[FA,C]) 



LP{Y) 



\\Fa\\ 



< C 



{\\'HAia,ip)\ 



LP{Y) lr"l5^ll&lVi-i/p,p(E) 



|dA|j:(ah 



''^'lLp(y) J lKllvKi.p*(y) 



for a suitable constant C — C{A). (Compare this with (pij) .) As in the proof 
of (i) this implies 



ll^ll 



H'i,p(y) 



< c 



6H'i-i/p,p(E) 



(||WA(a,'/3)||^^^y^ 

+ ||dAb(a|s)||^^-i/p,p(5.) + ||("''^)|Lp(y)) 
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with a possibly larger constant C. (Compare this with ([H]).) To prove the same 
estimate for a' (and hence for a) one can repeat the argument in the proof of (i), 
because in this part of the argument the inequality (|26p is only needed for (/3, ip) 
with */3|s = and /9|s = 0. This proves (ii) and the lemma. □ 

Proof of Proposition \3.1\ We prove (ii) by induction. Observe that 

||dX/(74)a||^fc p^^j < C llajj^yfc.p^y) (27) 

for all a € VI^{Y,q) and a constant C — C{A,f), by Proposition ID. II (iv). 
Hence it suffices to prove the estimate with / = 0. For k = regularity holds 
by assumption and the estimate follows from Lemma lSTSl fii). using the fact that 
d^|j,r2°(S,g) C Ta^, so d^|j,(a|s) = 0. (For p = 2 an elementary proof of the 
estimate was given at the beginning of the section.) Thus we have proved (ii) 
for A: = 0. It follows that Ha has a finite dimensional kernel and a closed image. 

Now let A: > 1 and suppose that (ii) has been established for fc — 1. Let 
(a, £ domHA and assume that HA{oi,f) is of class W'^'P. By the induction 
hypothesis (a, (p) is of class W'^'^ and 

\\{a,(p)\\w>'.P(Y) < C{\\HAia,ip)\\w''-^-piY) + II (", </5) II Lp(y)) ■ 

Let Xi,. . . ,Xk E Vect(y). Then, using the symmetry of Ha and integration 
by parts, we obtain for every smooth pair {(3,tp) G ^^{Y) x ^'^{Y) with comact 
support in the interior of Y , we have 

\{Cx,---CxAc^,v),HA{f3,ij))\ 
= \{ia,^),C*x,---C*x,HAiP,^))\ 

< \{{a,ip), HaC*x^ ■■■Cx,{I3,iI}))\ + Ci\\{a,if)\\wk,v{Y)\\{P,il})\\Lp' (y) 
= ■ ■ ■ CxkHA{a,(p) , {I3,tp))\ +Ci\\{a,if)\\wk,Pi^Y)\\{P,ip)\\Lp'-(Y) 

< C2{\\HA{a, ip)\\w'',P{Y) + ll(a,</')llM"=.p(Y))ll(/3»llLP-(y) 

with uniform constants Ci. This estimate extends to the W^'P -closure, so it 
holds for all (/3, ip) with zero boundary conditions. However, in order to apply 
Lemma [3.51 (i) to the pair Cxi ■ ■ ■ ■^Xki'^^ v) we would have to allow for more 
general test functions (/3, ip). Unfortunately, this weak equation does not extend 
directly, but we can still use the arguments of Lemma 13.51 For that purpose let 
the vector fields Xi, . . . , Xk G Vect(y) be tangential to the boundary. Then the 
boundary condition *Q;|ay = will be preserved, and the Lie derivatives Cxi 
in the following all have a dual C^, which does not include a boundary term. 
To adapt the proof of Lemma [33] (i) to £xi ■ ■ ■ (q^j f) instead of {a, ip) we 
replace (PT|) and P5)) . which use test functions with nonzero boundary values. 
Instead of pT|) we calculate for all C, € ri°(Y,0) with f^|ay = and with a 
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W^'^'^'-approximation n'^{Y,Q) 3 ipj ^ ip 

I ( Cxi ■ ■ ■ > ^aC) I = lim I ( dACxi ■ ■ ■ Cx^ fj , d^C ) I 

< lim (\{£xi ■ ■ ■Cxk'iAfj , d^C)! + C'i||<y'jllH"=.p||Cllwi.p* 

= \{^X2 ■ --Cx^dAV, ^*XidAC)\ + Ci||'/'IIh"=-p||CIIwi^p* 

< I ( £^2 • ■ • * , dAC*x^ C ) | + | ( ^Xi ■ ■ ■ Cx^ (^d^a - d^ , d^C ) | 
+ C'2||<^||i4"=.p|ICIIvyi'P* 

< I ( ^dAa , dAC*x, ...C*xS)\ + \{*dAa, [C*x, ...C*x,, d^] C*x,C)\ 

+ Cadi * '^ACe - dAifllvV-p + W\\w''.p)\\C\\w^.i'* 

< C4{\\'HA{a,(p)\\w''-p + \\{a,'P)\\w''-p)\\C\\w^.p' 

with uniform constants Ci. Here the components of [^*x^. ■ ■ ■ ^X2^'^a]^XiC 
sums of derivatives of C including at most one normal derivative, so all but 
one derivative can be moved to the left hand side ^d^o; by partial integration. 
Moreover, we have used the fact that dAC*x^ ■ ■ ■ Cx^CldY & T^>C to obtain 



'*dAa,dAC 



.C*xS)^{a,*[FA,C*x,...C*x,C) 

= {£x,...Cx,*[FAAa],(:) 



The last term can be estimated by ||a|jy[/fc,p HCIIlp*- 

Instead of ([^5]) we pick a ly'^'P-approximation n^{Y,g) 3 aj a satisfying 
the boundary condition *aj\gY = and hence *Cxi ■ ■ -^XkO^jldY = 0. Then 
we obtain for all C € ^°{y, s) 



- Ci||Q!j||^fc,p||C||H'i' 
+ C2||Q;j||vi/fc.p IICIIh/1-p* 

C2||a||H"'-p|ICIlH'i^p* 











< hm ( 


i 






< lim 









J^{Cx2...Cx,d\a,C*x,CzC) 



< \\Cxi ■ ■ ■ ^Xkd*AOi\\Lp\\CzC\\LP* + C'2||a||H"=.p||Clll4'i.p' 

< C3{\\nA{a,f)\\w''.p + ll(a,<^)||iy^'p)IICIlM/i,p*(y) 

with uniform constants C'i . Now the remaining arguments of Lemma 13.51 (i) go 
through to prove the regularity Cxi ■ ■ ■ Cx^ (a, € W^'^ and the estimate 



\\Cx^ . . .Cx^ia,ip)\\^i.p < C v)llvv'=,P + IK", v)llvi/'=>p) 



(28) 



for the tangential derivatives and in the interior. To control the normal deriva- 
tives near the boundary we use the same splitting as in Lemma 13.51 (i) . If 
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7iA(a, ip) E W'^'P then this argument shows that 

dta^ e da - + W'''P{I X S, T*E ® g), 
dta ed*a^ + W'''PiI xJ:,g), 

dtv e *d/3^ + M/'='f(/x s],0). 

This can be used iteratively to replace the derivatives in (j28p by normal deriva- 
tives. It then follows from the assumption 7i^(a, € W'^'^ and the induction 
hypothesis (a, ip) G W'^'P that (a, (^) G W''+^^p and 

< C {\\■HA{a,lp)\\y^,k.p + \\{a,ip)\\^^) . 

This finishes the proof of (ii) . 

We prove (iii). If Fa + Xf{A) = and {a,(p) G ker Ha, then the pair 
{a,(p) is smooth by (ii). Integration by parts shows that *dAa + *dXf{A)a is 
orthogonal to dA<f, hence both vanish, so the kernel has the required form. 

To prove (i) we first show that the cokernel of Ha agrees with its kernel. 
Let (a, if) G L'^{Y, T*Y) x L'^{Y) be orthogonal to the image of Ha- Denote by 
H the operator of Lemma 13.51 for the perturbation / = 0. Then 

{{a,^),H{f3,i'))L- - -{a,*dXf{A)f3)^, < c || (/3, 

for some constant c and every pair {l3,ip) G il.^{Y,g) x n'^{Y,g) satisfying the 
boundary conditions */3\dY — and /3|ay G T^£. Hence it follows from 
Lemma [33] (i) that a G W^-^{Y,T*Y) and ip G W^-^{Y). So by ^ 

= J {{dAa + dXf{A)a- *dAp)/\(3) + J ((dA*a)AV') 

JdY JdY JdY 

for all f3 G n\{Y,Q) and V G ^^"(5^,0)- (See ([HI) for the definition of n\(Y,Q).) 
Taking *(3\gY = 0, f3\gY — 0, and V-'lar = this imphes 

*dAa + *dXf{A)a — dAf = 0, d^a = 0. 

Taking G domH^ we then get 

/ (aA/3) + / (*a,TP) =0 

JdY JdY 

for every /3 G il\{Y,Q) and every ip G f2°(y, g). This (re-)proves *a|aY — and, 
since P\dY can take any value in the Lagrangian subspace T^£, it also shows that 
a|aY G Ta^- Thus we have identified the cokernel of Ha with its kernel. Since 
the kernel is finite dimensional, this proves that Ha is a Fredholm operator. 
Furthermore, every symmetric Fredholm operator with this property is self- 
adjoint. (Let X G domTi*, i.e. {x,Hy) = {z,y) for all y G domTi and some z 
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in the target space. By assumption we can write z = zo+'Hxi with zo G (imW)^ 
and X\ S domTi. Then, using symmetry, we have {x — xi,Hy) — (zq, y) = 
for all y G imTi n domTi. The latter is a complement of keiH C domH so we 
obtain x — xi E (imH.)^ = kerH C domH and hence x E domTi.) This proves 
the proposition. □ 



The set of critical points 

Using the properties of the Hessian we can now show finiteness of the set of gauge 
equivalence classes of critical points of the Chern-Simons functional, where the 
critical points are assumed to be nondegenerate. More generally, we establish a 
compactness result that will be needed to achieve nondegeneracy by a transver- 
sality construction. 

Proposition 3.7. Fix a Lagrangian suhmanifold C C ^(S) that satisfies (LI) 
and an integer k> 1. Let be a sequence of perturbations converging to f in 
theC^^^ topology and A'^ E A{Y,£) be a sequence of critical points of CSc + hfu . 
Then there is a sequence of gauge transformations u" E Q{Y) such that {u'')*A'^ 
has a convergent subsequence. 

Moreover, if all the critical points of CSc + hf are nondegenerate, then TZf 
is a finite set. 

Proof. Fix a constant p > 4. The critical points of CSc + ^Z" ^re S'-'^-invariant 
solutions of the perturbed anti-sclf-duality equation on x Y and, by Propo- 
sition |D?T] (iii), they satisfy a uniform bound on the curvature. Hence, by 
Uhlenbeck's weak compactness theorem (see (32] or [33l Theorem A]), there is 
a sequence of gauge tranformations u" E G{Y) such that {u'')*A'^ is bounded 
in W^'P. Passing to a subsequence, we may assume that {u'^)*A'^ converges 
strongly in C° and weakly in W^'P to a connection A E A^'P{Y,C). The limit 
connection is a (weak) solution of Fa + Xf{A) — and hence, by [35l Theo- 
rem A] , is gauge equivalent to a smooth solution. Applying a further sequence 
of gauge transformation we may assume that A is smooth and, by the local slice 
theorem (e.g. [33 Theorem F]), that 

d^iiu^YA" - A) = 0, *((w^)*A'^- A)|ay = 0. (29) 

It now follows by induction that (u'^)*A'^ is uniformly bounded in M/'^+^'P. 
Namely, if {u'^yA" is uniformly bounded in W^'P for any j E {1, . . . , fc} then 
the curvature F(^u,^-j,a,^ = —Xf,^{{u'^)*A'') is uniformly bounded in W^'P, by 
Proposition ID . II fiii) . and hence {u'^)*A'^ is uniformly bounded in W^^^'P by [35], 
Theorem 2.6]. Since the Sobolev embedding W''^^'^ ^ C'' is compact, the 
sequence {u^)*A'^ must have a C'^ convergent subsequence. 

To prove finiteness in the nondegenerate case it remains to show that non- 
degenerate critical points are isolated in the quotient A{Y, C)/G(Y). Thus let 
A be a nondegenerate critical point and A'^ E A{Y, C) be a sequence of critical 
points converging to A in the W^'^ topology (for some p > 2). Then, by the 
local slice theorem, there exists a sequence of gauge transformations E G{Y), 



25 



converging to 1 in the W'^'P topology, such that {u'^)*A'^ satisfies (f^. Since 
A^'P{Y,C) is a gauge invariant Banach submanifold of A^'P{Y) it follows that 
the intersection with a local slice gives rise to a Banach submanifold 

for £ > sufficiently small. The tangent space of Xa at A is 

TaXa = {ae W^-PiY, T*Y g) | * a|s = 0, a|s G TaC, d^a = 0} . 

Define the map J'a : Xa x {ip e W^^p{Y, g) | ^ ± ker d^} ^ LP{Y, T*Y ® g) by 

J'Aia, ip) := *{FA+a + Xf{A + a)) - diA^P- 

It has a zero at the origin, and we claim that its differential 

dJ^A{0, 0)(a, p) = *{dAa + dXf{A)a) ~ dA^ 

is bijective. The injectivity follows from the nondegeneracy of A and the fact 
that imd^ -L im *(d^+dX/(yl)). To check the surjectivity notice that dTA^-, 0) 
is the first factor of the Hessian I-La- The Hessian is self- adjoint by Propo- 
sition [ST] with cokernel (imTiyi)^ — kerTi^ = H\ ^ x H\, so the cokernel 
of dJ^4(0,0) is li\ J, which vanishes by the nondegeneracy assumption. This 
proves that dTA^-, 0) is bijective. Since [u"')* A" — A g Xa converges to zero in 
the W^'P norm and TA^iu^Y A^ — A, 0) = for every v, it then follows from the 
inverse function theorem that {vy)* A'^ — Aiox v sufficiently large. This proves 
the proposition. □ 

For nondegenerate critical points (i.e. Il\ ^ = 0) we have the following con- 
trol on the kernel of the Hessian, li\ — kerd^ C ri"(F, g), which measures 
reducibility. 

Remark 3.8. The twisted cohomology groups ll\ form a vector bundle over 
the space of pairs (/, ^) with A a nondegenerate critical point of CSc. + hf. 
In particular, the dimension cannot jump. This follows from the general fact 
that the cohomology groups iJ" form a vector bundle over the space of all chain 
complexes with = 0. To see this consider two chain complexes 

CO ^ C*! ±t (7° d°+P° (Jl fj2 

of operators with closed images (between Hilbert spaces) and assume that the 
first homology of the unperturbed complex vanishes, — kerd^/imd" = 0. 
(Then the homology of the other complex. Hp = ker(d^ + P^)/im (d*' + P") also 
vanishes for sufficiently small perturbation P.) Choose a complement C 
of imd"^ = kerd^ and let H : ^ C^/D^ be the projection. Then H o d° : 
C° / is surjective and the restriction d^jjji : is an injective 

operator with a closed image. If P' : C* C*+^ are sufficiently small then 



0, d* 



0, ||a|| 



< e 



A + ae A^'P{Y,C) 
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n o (dO + P°) : C° -> C^/D^ is still surjective and (d^ + P^)\di : ^ is 
still injective. From the latter and the identity (d^ + P^) o (d° + P°) = it 
follows that Hp = ker(d° + P°) agrees with the kernel of the surjective map 
n o (d° + P°). Now let D° C C° be a complement of H" = kerd", then 
no d°|DO : D° C^/D^ is bijective, and so is Ho (dO + P")bo : D° C^/D^ 
for sufficiently small P°. Its inverse is an injective map Ip : /D^ with 
image that depends continuously on P and satisfies 11 o (d" + P°) o Ip ^ Id. 
Now TTp := /p o n o (d" + P°) : C" ^ C° is a projection, ttp o ttp = ttp, 
with kcrTTp = kcr(n o (d*' + P*')) = im(f — TTp) and imTTp = im/p = Z?" = 
ker(l — TTp). The opposite projection 1 — ttp then provides an isomorphism 
iJ" = kcrd° ker(n o (d° + P°)) = i/p that depends continuously on P. 

The linearized operator on M x F 

Next, we shall use the above results on the Hessian to establish some basic 
properties of the linearized operator for Let / C K be an open interval 

and A = ^ + <i>ds e A{I x Y) such that A{s)\dY G C for every s G /. A g-valued 
1-form on / X y has the form a + (pds with a{s) £ ^^{Y, g) and (p{s) E ^'^{Y, g). 
Thus we shall identify x Y,g) with the space of pairs {a,ip) of smooth 

maps a : I ^ ^l^{Y,g) and ip : I fl'^{Y,g). For any integer k > 1 and 
any p > 1 let W^'^{I x Y, T*Y (g> g) denote the space of VF'^'''-regular 1-forms 
a : I X Y ^ T*Y ^ g that satisfy the boundary conditions 

* ais)\oY = 0, a{s)\dY e T^(,)/: (30) 

for all s G /. (The first equation arises from a gauge fixing condition.) 

Remark 3.9. The boundary conditions (jSO]) are meaningful for every a of class 
W^'P with p > f . In this case we have a{s)\QY G LP(I;,T*E ig) g) for almost aU 
s G /, so there is a Hodge decomposition 

ais)\dY = ao + dA(s)|5;C + *dA{s)\^'n, 

and the second condition in pop means that 77 = and G T^j-^^-ji^,/!. In other 
words, a{s)\QY lies in the L^-closure of Tyi(^')|j,£. This L^'-closure is Lagrangian 
in the following sense: If a G L^'(I],T*E (g) g), then a lies in the L^'-closure of 
TaC if and only if J^{a A /3) = for aU smooth /3 G Ta^- (This extends the 
Lagrangian condition ([6]) to nonsmooth tangent vectors.) 

On a general 4-manifold X, the linearized operator I?a for with a gauge 
fixing condition has the form 

n\X, g) ^ n^'+{X, g) X ri"(X, g) : a ((dAci + dX^(A)5)+, -d^a) . 

In the case X = / x y we identify il^'+(X, g) x ri°(X, g) with the space of pairs 
of maps I ^ ft^ (Y, g) and / — > il"(y, g), using the formula 

a = 1 (*Q!(s) — q;(s) a ds) 
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for self-dual 2-forms on I x Y. With this notation the linearized operator 

Va ■■ W^-P{I X Y,T*Y(E)2) x W''^p{I x Y,g) 

-> W^-^'^il X Y, T*Y ® g) X W''~^'P{I x Y, g) 

for / X y is given by 

where Vs 9s + [$, •]; explicitly, 

* V ^ / V Vs<p- d^a y ■ 

Here we have dropped the argument s in the notation, e.g. dA'^ stands for the 
path s I— !■ (\-A(s)'-p{s) of g- valued 1-forms on Y. 

Remark 3.10. The formal adjoint operator has the form 

It is isomorphic to an operator of type Vs + "Ha via time reversal. Namely, if 
a : {—I) X Y ^ I X Y denotes the reflection in the s-coordinate, then 

for every pair of smooth maps P : I ^ il^{Y, g) and ip : I {Y, g) . 

The following theorem provides the basic regularity (i) and estimate (ii) for 
the Fredholm theory of Va and will also be needed to prove exponential decay. 
The L^'-regularity has been established in [35] by techniques that do not extend 
to p = 2. Here we prove the L^-regularity using the analytic properties of the 
Hessian. A fundamental problem is that its domain varies with the connection, 
unlike in the closed case. The variation will be controlled in step 1 of the proof, 
using a trivialization of the tangent bundle of £ in Appendix [Ej This control 
then allows to apply the general theory of Appendix \X\ 

Theorem 3.11. For every integer k > 0, every p > 1, and every compact 
subinterval J <Z I there is a constant C such that the following holds. 

(i) Assume fc = and define p* := p/{p ~ 1). Let 

(a, ifi) G LP{I X Y, T*Y (g> g) x LP{I x Y, g) 
and suppose that there is a constant c such that 



IxY 



<c||(/3,V)|lLP-(/xy) (32) 



for every compactly supported smooth map (/3, V") ■ I ^ ^^{Y,g) x QP(Y,g) 
satisfying i30\) . Then {a, ip)\jxY is of class W^'^ and satisfies the boundary 
condition i30\) and the estimate 

ll(a,'^)llH'i.P(jxy) < C'(II^A(a,¥')|lip(/xy) + ^)llLp(/xy))- 
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(ii) Assumek> 1. G W^^P{IxY,T*Y®g)xW^'P{IxY,2) satisfies ^ 

and T>j^{a,(p) is of class W^'^ , then {a,ip)\,jy,Y is of class W'^'^^'P and 

\\{a,(p)\\wi'+i.P(JxY) < Ci\\'DA{a,'p)\\w''-p{ixY) + \\{a,'i^)\\LP(IxY))- 

Proof. Using the estimates on the perturbation dXf{A) in Proposition lD.il (iv) 
we may assume without loss of generality that / = 0. Fix sq E J. We prove the 
result for a neighbourhood of sq in four steps. 

Step 1. After shrinking I , there exists a family of bijective linear operators 

Qis) : n\Y,Q) X n°iY,g) ^ n\Y,Q) x f^°(r,0), 
parametrized by s d I , such that the following holds. 

(a) For every s £ I and every {a, (p) G il^{Y,g) x r2°(Y,0) 

{a,(p) e domHA(so) "^=^ Q{s){a,ip) E domHA(s)- 

(b) For every integer k > and every p > I the operator family Q induces a 

continuous linear operator from Wy^f{I x Y, T*Y g) x W^^f{I x Y, q) to 
itself. 

Let U C A{Y,£) be a neighbourhood of A{sq) that is open in the C'^-topology 
and {Qa}agu be an operator family which satisfies the requirements of The- 
orem IE. 21 Shrink / so that A{s) £ U for every s E I. Then the operators 
Q{s) :— Qa{s) X Id satisfy the requirements of Step 1. 

Step 2. We prove (i) for p = 2. 

Abbreviate 

H := L^{Y,i:*Y ® q) X L'iY,^) 

and let W{s) d H he the subspace of E W^^^{Y,T*Y ^ g) x W^^'^{Y,q) 

that satisfy the boundary conditions 

*a|gy = 0, a\aY G Ta{s}^- 

Let Q be as in Step 1, so each Q{s) induces an operator on H that descends 
to a Hilbert space isomorphism from W{so) to W{s). Then, by Proposition [ST] 
with p = 2, the operator family 7iA{s) '■ W{s) — > H satisfies the conditions 
(Wl-2) and (Al-2) in Appendix [X] for every compact subinterval of /. Hence 
the estimate in (i) with p — 2 follows from Lemma IA.2I and a cutoff function 
argument, and the regularity statement follows from Theorem IA.3I 

Step 3. We prove (i) for p ^ 2. 

The result follows from ^35j Theorem C] . The intervals / and J can be replaced 
by by using cutoff functions, and one can interchange I?^ T^a'A in ([32]) 
by reversing time as in Remark 13. 101 Then [35' Theorem C (iii)] implies that 
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{a, (p) o a is of class W^'^ (with corresponding estimate). The same holds for 
{a, If), and partial integration as in (|18|) implies that 



c\\{p,n\L.' > 



IxY 



IxdY 



( a A /? ) + ( *a , V ) 



Here we can choose any compactly supported (3\ixaY ■ I — * C Q^{dY,g) 

and ^plixdY ■ I — > ^°{dY,Q) and extend them to / x y with V')IIlp' ar- 
bitrarily small. Thus the above estimate implies that a satisfies the boundary 
conditions a{s)\gY G T^(s)£ and *a(s)|ay = 0. 

Step 4. We prove (ii). 

The assertion of (ii) continues to be meaningful for fc = 0; we prove it by 
induction on k. For k = Q the regularity statement holds by assumption and 
the estimate follows from (i). Fix an integer k > 1 and assume, by induction, 
that (ii) has been established with k replaced by A: — 1. Let 

(a, if) e W^^P{I X Y, T*y ®q)x T4^1'P(/ x Y, q) 

such that ((30)) holds and 

(/?, tP) pA(a, if) e W^^^il X Y, T*y ® g) x M^'='P(J x y, g). 

Denote 



(a',(p') :=Qa.(Q-i(a,^)), 



and 



(/3',^') :=Q(a,(Q-i(/3,V))-(a.(Q-il?AQ))Q-'(«,^) 



Then (q;',(^') satisfies the hypotheses of (i) and hence is of class ly^'P and 
satisfies the boundary conditions ([50]) . Thus 

I?a(«',¥'') = V'') 

is of class W'^~^'P. Hence, by the induction hypothesis, {a',(p') is of class W'^'P 
and 

\\{a',(p')\\w''.p{JxY} < Ci{\\{f3' ,ij')\\w''~i,p(IxY) + \\{a',(p')\\LP{IxY)) 
< C2{\\{f3,1p)\\w''.p(IxY) + \\{a,f)\\w''.piixY))- 

Since {a',(p') = {dsa,ds(p) — {dsQ)Q~^^{a,(p), this imphes that {dsa,ds<fi) is of 
class M^'^'*' and 

\\{dsa,ds(f)\\w''.p(JxY) < C3{\\'DA{a,(f)\\w''.p(ixY) + <p)||w"=-p(/xF)) 
< C4(||X'A(a, <y3)|!i4"=.p(/xF) + 'yj)IUp(/xy))- 
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It remains to establish regularity and estimates for {a, ip) in U'[J, W^^^'^{Y)). 
To see it note that ^^(a, <f) = 'DA{a, (p) - V^(a, (f) is of class Lp( J, W'='P(V)). 
By PropositionO ia(s),ip{s)) € W'=+1'P(F) for almost every s G J and 



(a,'/?)|liP 

(j,w'=+i.p(y)) 
IP 



|(a(s),v?(s))|l^,+i,p(^) ds 

< ^"4^ (||HA(s)(a(s),v(s))||^fc,p(y) + li(a(s),¥'(s))|lip(y)) ds 

< C5 (||2?A(a,<^)||^fc,p(jxy) + II("''/')I1lp(7xY)) ■ 

This completes the proof. □ 

Remark 3.12. The proof of Theorem 13.111 carries over word for word to the 
case where the metric and perturbation on Y depend smoothly on s G /. 

We finish this section with a complete description of the linearized operator 
for the trivial gradient flow line at an irreducible, nondegenerate critical point. 

Theorem 3.13. Let A G A(Y,C) be a critical point of the perturbed Chern- 
Simons functional CSc + hf such that H'^ = and H\ f —0- Then the operator 

OS 

on LP{R X y, T*Y (g) g) x LP{R x Y, g) with domain 

domVA [{a, if) G W^-p{R x Y,T*Y (g g) x W^'P{R x Y,q) 

* a{s)\oY = 0, a{s)\oY e TaC Vs G m| 
is a Banach space isomorphism for every p > 1. 

Proof. For p = 2 it follows from [25, Theorem A] and Proposition 13.11 that 
Va is a Fredholm operator of index zero; that it is bijective follows from the 
inequality (8) in |25j . Another argument is given in [9, Proposition 3.4]; it is 
based on the fact that TCa is a bijective self-adjoint Fredholm operator, and on 
the local L^-regularity (Theorem 13. lip . The case p 2 can be reduced to the 
case p = 2 by Donaldson's argument in 9, Proposition 3.21]; it uses in addition 
the local LP-regularity in Theorem 13.111 (For an adaptation of Donaldson's 
argument to the symplectic case see [28l Lemma 2.4].) □ 



4 Operators on the product S x Y 

In this section we study the anti-sclf-duality operator on SU(2)-bundles over 
the product x Y with Lagrangian boundary conditions. Our goal is, first, 



31 



to establish a formula for the Fredholm index and, second, to prove that the 
relevant determinant line bundle is orientable. Both results are proved with the 
same technique. The problem can be reduced to the case of a suitable closed 
3-manifold Y U^Y' by means of an abstract argument involving the Gelfand- 
Robbin quotient. 

Throughout we fix a compact connected oriented 3-manifold Y with non- 
empty boundary dY = E and a gauge invariant, monotone Lagrangian sub- 
manifold C C A{T,) satisfying (Ll-2) on page El We identify = R/Z. Every 
gauge transformation v : Y ^ G ~ SU(2) termines a principal SU(2)-bundle 
Py^S^xY defined by 

RxFxG , , , 
P^v ■■= ^ , [s,y,u\^[s + l,y,v{y)u\. 

A connection on Py with Lagrangian boundary conditions is a pair of smooth 
maps A : K ^ ^(F, £) and $ : M n°{Y, g) satisfying 

A{s + l) = v*A{s), $(s + l) = w"^$(s)t;. (33) 

The space of such connections will be denoted by A{Py, C) and we write A = 
$ds + A oi [A, $) for the elements of A(Py,C). The space 

A{S^ X Y,C) ■■= {(w. A) I A e A{PyX)] 

is a groupoid. We will sec that it has several connected components, correspond- 
ing to ■Ki{C/Qz{^)) respectively the degree of w : {Y, dY) (G, 1). A morphism 
from (iio,Ao) to {vi,Ai) is a smooth gauge transformation m : K ^ Q{X) on 
R X y satisfying 

wi = u(s)~^wou(s + 1), ^^^^ 
Ai = M*Ao. 

We abbreviate by (wi, Ai) =: 7i*(uo, Aq). In the case — vi — v a. map u 
that satisfies the first equation in (|34p is a gauge transformation on Py. Since 
the gauge group QiY) is connected there is, for every pair wq, fi € QiX), a gauge 
transformation m : M ^ Q(X) that satisfies the first equation in ([34|l . 

Fix a perturbation Xf. Then every pair (w,A) = $) e A{S^ x Y,C) 

determines Sobolev spaces 

W^^^{S^ X y,g) e <f (R x ^,9) | ^(s + 1) = i;-V(5>}, 

W^^^iS^ X y,T*r ® 0) := {a e VKit^(R X I a{s + 1) = 

X y, T*r ® g) {a e W^'P{S^ xY,T*Y^3)\m} 
and an anti-self-duality operator 

T^vA : W!;X{S^ X y,T*r §5 0) x X Y,g) 

w^-^'^is^ X y,T*y (g)0) X w^'=-i'f(S'i x y,g) 

given by Vy^ := Vs -I- '^^1(5) respectively by (l3T|) as in Section [3l 
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Definition 4.1. The degree of a pair (w, A) = {v,A, $) G ^^(5*^ x Y,C) is the 
integer 



deg(w,A) := J^{FA^dsA)ds 



Remark 4.2. (i) The degree is an integer because it is tlie difference of the 
Chern-Simons functionals. ExpHcitly, 

1 r' 



deg{v,A) = -^ f f {AAdsA)ds 

J^T^ JQ Jt, 



1 

' 8^ 
1 



{AAdA) + \{AA[AAA])) 
C5(A(0),A|s#B)-C5(A(l),S) 



s=0 



47r2 

^^{cscmm^cscmm) = o e m/z. 

Here B : [0, 1] ^ £ is a smooth path from B{Q) ^ A{1)\^ to 5(1) = and 
is the catenation of A|s : [0, 1] -+ £ with B. 

(ii) If w|e = il tlien A(s + 1)|e = A(s)|s and, by ©, 

deg(w, A) = deg(v) - ^ / / ( AAa, A ) ds. 

The last term is the symplectic action of the loop R/Z ^ £ : s i-^ A(s)|s, 
multiplied by the factor l/47r^. 

(iii) If w = 11 and A{s)\^ = u(s)*A(0)|s with u{s + 1) = u{s) G ^/(S) then 
deg(w, A) is minus the degree of the map ?i : S*^ x E ^ G, see Corollary 12.51 



Theorem 4.3. Fix p > 1 and an integer k> 1, then the following holds. 

(i) Two pairs (w, A), (u', A') e ^(S*! X Y,C) belong to the same component of 
A{S^ X y, C) if and only if they have the same degree. 

(ii) For every pair (w, A) G A{S^ x y, £) t/ie operator T>^^fi^ is Fredholm and 

index(I?i,^A) — 8deg(w, A). 

(iii) The determinant line bundle det — > A{S^ x Y,C) with fibers det(I?t,^A) is 
orientable. 

(iv) Let u : R ^ G{Y) be a morphism from {v,A) to {v',A') = {u*v,u*A). 
Then {v,A) and {u*v,u*A) have the same degree and the induced isomorphism 

u* : det(X't,,A) ^ det(I?(„.„_„.A)) 

is orientation preserving (i.e. the map on orientations agrees with the one in- 
duced by a homotopy). 
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The proof of (ii) will be based on an identification of the index with the 
spectral flow of the Hessian. Both the index and orientation results in (ii)- 
(iv) require a description of the space of self-adjoint boundary conditions for 
the Hessian on a pair of domains with matching boundary. We will use it to 
homotop from Lagrangian boundary conditions to the diagonal (representing 
the closed case). More precisely, we will use the abstract setting of Appendix [Bl 

We think of the div-grad-curl operator on Y as an unbounded operator 



on the Hilbert space 



D:=[ _*;J. ] : Wo^H 



H := L\Y,T*Y(g)Q)®L^(Y,i 



with the dense domain 

domD -.^Wq := Wo''(y,T*y®0)©W(}''(y,0). 

With this domain D is symmetric and injective and has a closed image, see 
Lemma 14.41 below. Hence D satisfies the assumptions of Appendix [B] and thus 
defines a symplectic Hilbert space, the Gelfand-Robbin quotient 

V domDVdomL) = W/Wo, i^i^,v) ■= {D*^,ri) - {^,D*ri), 

where W :— domZ?* is the domain of the adjoint operator D* . The crucial 
property of the Gelfand-Robbin quotient is the fact that self-adjoint extensions 
of D are in one-to-one correspondence with Lagrangian subspaces of V . 

Ii A G A{Y) is a smooth connection on Y then the restricted (unperturbed) 
Hessian HaIwo ■ ^ -ff is an unbounded operator on H with domain Wq. 
It is a compact perturbation of the div-grad-curl operator D. The next lemma 
shows how these operators fit into the setting of Appendix [Bl 

Lemma 4.4. (i) For every smooth connection A G A(Y) on Y the operator 
'Ha\wo ■ ^0 —^His symmetric, injective, and has a closed image. Its domain 
Wq is dense in H , the graph norm of Ha on Wq is equivalent to the W^ '^ -norm, 
and the inclusion —> H is compact. 

(ii) For every A S A{Y) the domain of the dual operator (Ti-Alwo)* e^waZ 
to W and the symplectic form on the quotient W/Wq is given by 



w(e,r?)=/ (aA/3)-/ (*a,V'). 

JdY JdY JdY 

for smooth elements ^ — (a, tp) and rj — (/3, ^) in W . 

(iii) The kernel of (T-Ia\wo)* determines a Lagrangian subspace 

' ■ Wo ^ 

// two connections A, A' G A.{Y) coincide in a neighbourhood of the boundary 
dY then Ao{A') is a compact perturbation of Aq{ A). 
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Proof. The operator 'Ha\wo symmetric by (jl8p and it has a closed image 
by Lemma 13.51 (ii). To prove that it is injective let (a, G kerTi^ n Wq- 
Extend A to an S'^-invariant connection S on S*^ x F and (a, tp) to an 5^- 
invariant 1-form ^ = a + ipds on 5^ x Y. Then dj^ = 0, dS.^ = 0, and ^ 
vanishes on the (nonempty) boundary. Near the boundary we choose coordi- 
nates (s, i, z) e 5^ X [0, e) X S so that {t, z) are normal geodesic coordinates on 
Y . Interchanging s and t we can first bring S into temporal gauge with respect 
to t and then use Lemma 18.71 (ii) to deduce that ^ vanishes near the bound- 
ary. Since Y is connected it follows from an open and closed argument that 
^ vanishes identically. The graph norm of T-La on Wq is given by l|35p below. 
The boundary term vanishes on Wq and hence this norm is equivalent to the 
^1.2 norm. The compactness of the inclusion Wq H follows from Rellich's 
theorem. This proves (i). 

The domain of the dual operator and the symplectic form are independent 
of A because the difference TLa\wq — D — (Ha — 'Hq)\wo ■ Wq H extends to a 
bounded self-adjoint operator from H to itself. The formula for the symplectic 
form follows from 

Assertion (iii) follows from Lemma IB. Ill This uses the fact that the dif- 
ference operator A :— {li.A\wa)* ~ ^A'\wq)* W ^ H is compact since it 
coincides with A o t o ^I*. Here "i! : W ^ Wq is a bounded map, given by 
multiplication with a cutoff function e C(j"(F, [0, 1]), '4!\sM-pp(A-A') = li the 
inclusion l : Wq ^ H is compact by (i), and A : H ^ H is bounded. This 
proves the lemma. □ 

Remark 4.5. (i) The symplectic Hilbert space {V,u!) can be viewed as a space 
of boundary data for the Hessian, containing the space 

n'iY,3)xn'iY,s) ^ 1 „ „ 

of smooth boundary data as a dense subspace; see Lemma below. The iso- 
morphism is by [(a, ip)] i-^ (a|ay , p\dY, *E(*a|ay))- In this notation, an explicit 
formula for the symplectic form is given in Lemma 14.41 (ii) . 
(ii) The space n,^{Y,g) x n'^{Y,g) of smooth pairs {ct,(p) is contained in the 
domain of the dual operator, and the restriction of (Ti.A\wo)* to this subspace 
agrees with Ha- The graph norm on n^{Y,Q) x Q^{Y,g) C dom{HA\wo)* is 

ll(a>'^)ll(WA|wo)* + UAa\\h{Y) + \\'i*Aa\\%{Y} 

f r (35) 

+ \\dAp\\l2^Y)+2 / {p,[FA,a])-2 / {p,dAa). 

JY JdY 

The dual domain W = dom (TY^Ivko)* is the completion of 0^(F,g) x ri°(F,g) 
with respect to this norm. It is bounded by the M^-'^'^-norm and hence 

Wy'^ := W^'^{Y,T*Y (g)g)®W^'^{Y,s) C W. 

Moreover, it follows from interior elliptic regularity that every element of the 
dual domain W is of class W^''^ on every compact subset of the interior of Y. 
However, W is not contained in Wy ^, see Lemma [4.61 below. 
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The next Lemma gives a precise description for the spaces W and V, includ- 
ing some parts of weak regularity. However, our theory does not depend on the 
explicit description of these spaces. In our applications we only use the fact that 
the Gelfand-Robbin quotient is independent of the connection, see Lemma 14.41 
In the following we slightly abuse notation and identify the Gelfand-Robbin 
quotient V — W/Wq with the orthogonal complement of Wq in W in the graph 
norm of D* . Remark IB. II (ii) shows that it is given by 

V = {^e domD* e domZ?*, D*D*^ + ^ = 0}. 

Lemma 4.6. (i) The space V admits an orthogonal Lagrangian splitting 

y = AoeAi, Ao:=i:'*Ai, Ki:=V DiiaD, 

where Aq is the orthogonal projection of the kernel of D* onto V. 

(ii) The space W admits an orthogonal splitting W = Wq ® Aq © Ai, where Wq 
and Ai are closed subspaces ofWy^ and Aq is a closed subspace of H =: Ly. 

(iii) The spaces of smooth elements are dense in Aq, Ai, V , and W (with respect 
to the graph norm of D*). The restriction map 



£. {a, := (a|s, (^Is, *i:{*a\^)) (36) 

on the smooth elements extends continuously to Ao and Ai . This gives rise to 
injective operators 

Ao W^^^'^'\ Ai ^ W^^^'^ 
with closed images. Here we denote W~^^^'^ := {W^^^'Y 

ana 

Proof. The splitting in (i) is the one in Remark IB. II (iii) with Ai = Aq. To 
prove (ii) we examine the operator D*D of Lemma [B.4I On smooth elements 
this is the Laplace-Beltrami operator. Hence its domain is 



dom (£>*£>) = U e W^o 



sup ^^^'f^^-^' < cx)l = Il/o n Wy'^ 

by elliptic regularity. This implies that dom 13* n imZ) = D(Wq D Wy'^) is a 
closed subspace of Wy"^ . One can also think of D* as a bounded linear operator 
from Ly to Wy^'^ :~ (Wo)*, see the proof of Lemma FB. 41 Then the operator 

W^'^ ^ Wy^-^ X W^/'-" : e ^ {D*D*i + els) (37) 
is bijective, by elliptic regularity and the Sobolev trace theorem, and V n Wy'^ 

1 /2 2 12 

is the preimage of {0} x W-^ ' under this operator. Hence V n Wy is also a 
closed subspace of Wy"^ and so is the space 

Ai = (V^n W^^^)n(domD*nimD). 
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Next, the kernel of D* is a closed subspace of Ly and hence, so is the space 

ko = {i-{t + D*Dy^i\iekeTD*]. 

See Remark IB.ll (ii) for the projection W ^ V; the formula simplifies for 
^ e ker_D*. This proves (ii). 

We prove that the spaces of smooth elements are dense in Aq, Ai, V, and 
W. Any element in Ai can be approximated by a smooth sequence in Ai: The 
W^'^-approximation by any smooth sequence converges in the graph norm of D* 
and projects under the map Hq in Remark lB.SI to a convergent smooth sequence 
in Ai. Since Ao = D*Ai, this shows that the smooth elements are dense in Ag 
as well as in T/F = Wo ® Ao ® Ai. 

That the the restriction map (j36p extends to an injective bounded linear 



operator from Ai onto a closed subspace of W^^^''^ follows by restricting the 
isomorphism ([37]) to the closed subspace Ai of VDWy'^. Next we prove that the 
map sends Ao to a closed subspace of W~^^^''^{'S). For this it is convenient 
to use the following norms for ^ S W: 



By definition there is a constant c > such that 

uk\\^-m^2 <cm\j,, 

for every f S W. Thus ([36|) is a bounded linear operator from W to W-^ 1/2.2^ 
Moreover, Ai is complete both with respect to the graph norm of D* and the 
W^'^-norm, and the former is bounded above by the latter. Hence, by the open 
mapping theorem, there is a constant S > such that 

hll^. >(5||?7|jj^^.2 Vr/eAi. 
Now let ^ e Ao be given. Then D*( e Ai C Wy^ and hence 

iieisii^-1/2,2 >6 sup J-— > s = s m\^. . 

Since Aq is a closed subspace of W, the operator Ao —f W^^^^'"^ : ^ is 
injective and has a closed image. This proves the lemma. □ 

Remark 4.7. The dual domain W admits another orthogonal splitting 

W = (dom D* n ini D) ker D* 

where dom_D* n imZ3 is a closed subspace of Wy ^ and the kernel of D* is a 
closed subspace of Ly. It can be described as the image under D* of the space 
of harmonic pairs ^ — {a, P) € Wy^: 

ker = I {*da - dip, -d*a) | (a, (p) G Wy^^, d*da + dd*a = 0, d*dip = o} . 
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This can also be used to prove that the restriction map maps the kernel of 
D* to W^, If is a W^^'^ harmonic function on Y then its restriction to 

the boundary is of class W^^'^'^ and its normal derivative on the boundary is of 
class M/-i/2,2, 

Yet another splitting of W can be obtained from eigenspace decomposi- 
tions along the lines of Atiyah-Patodi-Singer . The operator D has the form 
J{dt + B) near the boundary, where = — 1 and i? is a self-adjoint first order 
Fredholm operator over S. The decomposition involves the eigenspaces of B [8]. 

Proof of Theorem \4.3\ It suffices to prove the theorem for Xf — because any 
two perturbations are homotopic and result in compact perturbations of the 
operators I?t,,A and hence in isomorphic determinant line bundles. 

We prove (i). By Lemma the degree depends only on the homotopy class 
of (w,A). Given such a pair, there is a smooth path [0,1] G{Y) : t ^ v'^ 
with = V and — 1, because G{X) is connected. Let u'^ : M — > Q(X) be the 
smooth path of gauge transformations constructed in Lemma 14.81 below with 
X = pt and define 

:= (u^)*A. 

Then r ^ {v'^ ,A^) is a smooth path in A{S^ x Y, C) connecting (w", A°) = {v, A) 
to a pair of the form (1, A^). Hence we may assume without loss of generality 
that V = v' = la.nA A, A' e A{P, C) where P = Pi = x Y x G. Now the 
map 

AiP,C)^C°"iS\C) : Ak->A|sixs 

is a homotopy equivalence. Hence (i) follows from the fact that, by (L2), every 
loop in C is homotopic to a loop of the form R/Z C : s u{s)*Ao with 
u{s -|- 1) = u{s) E ^/(S), and that the homotopy class of such a loop is charac- 
terized by the degree of the map m : S*^ x E ^ G. 

We prove (ii). That the operator I?i,^a has a finite dimensional kernel and 
a closed image follows immediately from the estimate in Theorem 13.111 (ii) and 
Rellich's theorem (see [U Lemma A. 1.1]). That it has a finite dimensional 
cokernel follows from the regularity results in Theorem 13.111 and Remark 13.101 
(The dual operator has a finite dimensional kernel.) Thus we have proved 
that Vv.A is a Fredholm operator for every pair (w,A) g -4(5*^ x Y,C). The 
regularity theory in Theorem 13.111 also shows that its kernel and cokernel, and 
hence also the Fredholm index, are independent of k and p. Moreover, the 
Fredholm index depends only on the homotopy class of (w,A); to see this one 
can use the argument in the proof of Step 1 in Theorem 13.111 to reduce the 
problem to small deformations with constant domain and then use the stability 
properties of the Fredholm index. So by (i) it suffices to consider one pair (w. A) 
in each degree. Hence we can assume 

v\N = t, $ = 0, ^(s)|jv=0 

for all s and an open neighbourhood N C Y oi dY. Then deg(u. A) = deg(w). 
Choose a handle body Y' with dY' = S and extend A{s) smoothly by the trivial 
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connection on Y' to obtain a smooth connection A{s) on the closed S-manifold 



y := r Us Y' 

for every s. Note that A{s+1) = v*A{s), where v e G{Y) agrees with w on F and 
is equal to 1 onY' . Let Hq denote the Hessian on Y' (at the trivial connection) 
and 7i^(s) the Hessian on Y, both with the same boundary Lagrangian TqC. 
These are self-adjoint Fredholm operators, by Proposition l3.1l The Hessian (|17p 
over the closed manifold Y will be denoted by H^i^gy Choose e > such that 

the operators Hq + eld, Ha{o) + and 7i^(o) + ^^'^ ^^'^ bijective. We shall 
introduce the spectral flow /igpcc (as defined in Appendix [K^ and prove that 

index(2?„,A) = ^^spcc {{{'Ha{s) + eW) © (Hq + eId)}^g[o^]) 

= Mspec({Wi(,)+eId}^^j„,,) (38) 
= index(I?^^^) = 8deg(«) = 8deg(z;, A). 

Here V~ ^ = Vg + ^^(s) denotes the anti-self-duality operator on the twisted 

bundle Pv over xY. 

To prove ([55]) we may assume k = 1 and p = 2. In this case the first and 
third equations follow from Theorem I A. 5 [ the fourth equation follows from the 
Atiyah-Singer index theorem (the second Chern class of the principal bundle 
Py ^ X Y is the degree oi v), and the last equation is obvious from the 
definitions. To prove the second equation in ([55)1 consider the operator family 

D{s) := {Ha(s) + eld) {H'o + eld) 

on the Hilbert space 

H := L^{Y, T*Y g) L^{Y, g) ® L^{Y',T*Y' ® g) © L^{Y',g) 

with the constant dense domain dom£'(s) = Wq, where 

Wo := W^'^iY, T*Y ® g) © W^-^{Y, q) © W^-^{Y', T*Y' ® g) © W^-^{Y', g). 

As in Remark 14.51 this choice of domain makes D{s) closed, symmetric, and 
injective. Moreover, the Gelfand-Robbin quotient and its symplectic structure 

V := domD(s)7domD(s) = W/Wq 

are independent of s. Now, by Appendix [Bl self-adjoint extensions of D{s) are 
in one-to-one correspondence with Lagrangian subspaces of V . The operators 
in the first row of (j38p all correspond to the Lagrangian subspace 



Ai := <^ {a,Lp,a',Lp') € W 



1,2 



a\dY,a'\aY' e TqC 



/Wo C V, 
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where W^^'^ := W^^'^{Y,T*Y g ® g) x W^^'^{Y' ,i:*Y' ®q®q)cW. The 
operators in the second row of ((38|) aU correspond to the 'diagonal' 

•^\dY = •^'\dY', 1 

a\aY=a'\aY', > /W^o C V". 
*a\dY = ^a'loY' J 

For i — 1,2 and s G R let Z?(s)Ai : domL'(s)Ai — > denote the restriction of 
D{s)* to the preimage of under the projection W W/Wq. Then D{s){^^ 
is self-adjoint. Moreover, we have D{s + 1) = Q^^D{s)Q, where Q : H ^ H is 
given by conjugation with the gauge transformation v and satisfies ^ — G Wq 
for all ^ G since w = 1 near 9F. This implies that 

Ao := (keri:>(0)* ® Wo)/Wo = (ker £>(!)* ® Wo)/Wo. 

Then, by the choice of e, the Lagrangian subspaces Ai and A2 are transverse 
to Aq. Moreover, they are compact perturbations of Aq by Lemma fB.lOl since 
the graph norm on dom_D(s)Ai equivalent to the M^^'^-norm, see ([35]). The 
second identity in ([55]) follows from Remark [B.141 which asserts that the spectral 
flow of {£^(s)A}se[o,i] is independent of the Lagrangian subspace A d V that 
is transverse to Ag and a compact perturbation of A^. This proves psp and 
thus (ii). 

We prove (iii) and (iv). That two isomorphic pairs (wo,Ao) and (ui,Ai) = 
u*{vq,Ao) have the same degree follows from (ii) and the fact that conjugation 
by u identifies kernel and cokernel of the operator I?t,o,Ao with kernel and co- 
kernel of P^i^Ai- For every (w. A) G -4(5*^ x Y,C) denote by Or(X>t,^A) the two 
element set of orientations of det(I't,_A)- Then the remaining assertions in (iii) 
and (iv) can be rephrased as follows. 

Claim: Let {{v\, Ax)}^^^-^^^ be a smooth path in A{S^ xY, C) and u : M. ^ Q{Y) 
be a morphism from {vq,Aq) to {vi,Ai). Then the isomorphism 

u* : Or(I?„(,,Ao) Or(I?t,j^Ai) 

agrees with the isomorphism induced by the path A i— s- {v\,A\). 

When u = 1, the claim asserts that the automorphism of det(2?^o,Ao) induced by 
a loop in A{S^ xY, C) is orientation preserving and hence the determinant bundle 
over ^(5^ x Y,C) is orientable. Throughout we write A\ — (^\{s)ds + Ax{s) 
We prove the claim in five steps. 

Step 1. It suffices to assume that v\ = ^ for every A. 

Since Q{Y) is connected, there exists a smooth homotopy [0, 1] x [0, 1] QiY) : 
(t. A) vj^ from u° = v\ to v\ = 1. By Lemma below with X ~ [0, 1], there 
exists a smooth map [0, 1] x [0, 1] x R ^ G{Y) : (r. A, s) i— > u\{s) such that 

vl^ul{s)-^v,ul{s + l), ul{s) = l. 

Define 

A^ := [ulYAx, {uiy^uul. 



Ao 



{a,ip,a' ,ip') G W 



1,2 
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Then {vl)*Al{s) = Al{s + 1), = {u^)*A^, and vl = u''{s)-'^v^u''{s + 1). 
Hence {vJ^,A\) S ^(5^ x Y,C) for all r and A, and is a morphism from 
{vq, Ag) to {vl, A[) for every r. By continuity, the claim holds for t = if and 
only if it holds for t — 1. Since v\ = for every A, this proves Step 1. 

Step 2. It suffices to assume that v\ = and ulsixs = l- 
By Step 1 we can assume v\ = 1. The restriction of the map u : x Y ^ G 
to the boundary has degree zero (see e.g. [22( §5, Lemma 1]). Hence there exists 
a smooth path [0,1] Q{P) : t ^ such that vP = u and u^\s^yT. = 1- 
Composing the paths {Aa}o<a<i and {(w'^'^)*Ao}o<a<i we obtain a homotopy 
of homotopies r {A^}o<a<i with A^ — K\ and A[ = {u^)*Kq. Hence Step 2 
follows as in Step 1 by continuity. 

Step 3. Using (L2) we see that it suffices to assume that v\ — 1, uigixs = 1, 
and there exists a smooth map [0,1] x ^ Qzi"^) ■ i^^s) i— > W\{s) satisfying 
^a(s)|s = wx{s)~'^dwx{s) and wa(s + 1) = wx{s), wq{s) wi{s), wo(0) = 1. 

By Step 2 we can assume = 11 and ulsixgy — 1- Then A\(s + l) — Ax{s) and 
Ao{s) — Ai(s) for all s and A. Since C/GzC^) connected and simply connected, 
the loops [0, 1] ^ £ : A i-^- Aa(0)|e and ^ £ : s i-^ Ao{s)\s are homotopic to 
loops in the based gauge equivalence class of the zero connection in C. This 
implies that there is a smooth homotopy [0, 1]^ x S*^ ^ £ : (r. A, s) BJ^is) of 
homotopies of loops, satisfying 



starting at B'^{s) = Aa(s)|i; and ending at a homotopy of loops satisfying 



The composition of the map [0,1]^ ^ C : (A, s) i-^ B\{s) with the projection 
C C/Qz{'S) maps the boundary to a point. Since tt2{C/Gz{^)) = the ho- 
motopy T B'^ can be extended to the interval < r < 2 so that Bf{s) = 
wx{s)~^dwx{s). This determines the map [0,1] x M ^ Gzi^) '■ (A, s) wx{s) 
uniquly, hence w satisfies the requirements of Step 3. Since the restriction 
map A{Y, £) — > £ is a homotopy equivalence, there exists a smooth homotopy 
[0, 2] X [0, 1] AiPi, C) : (r, A) ^ Al with A[ = u*A5 from A° = Aa to A| 
satisfying A^(s)|s ~ B'Ks). Step 3 follows since, by continuity, the claim holds 
for T = if and only if it holds for r = 2. 

Step 4. It suffices to assume that vx = v is independent of A and there exists 
a neighbourhood N dY of dY such that v\n — 1, ^A(s)|Af = 0, $A(s)|Ar = 0, 
and u{s)\n = 1. 

By Step 3 we can assume vx — 1, u|5ixs = 1, and Aa(s)|s = wx{s)^^dwx{s) 
for a smooth map w : [0, 1] x 5*^ — > Qz{T,). By a further homotopy argument 
we may assume that w is transversally constant near the edges of the square, 
dxwxis) = for A ~ and A ~ 1, and dsWx{s) = for s ~ and s ~ 1. 
Since every gauge transformation on E extends to a gauge transformation on Y 



Bl{s + l)=Bl{s), 



Bi{0),B'o 



(s) e {w-^dw I w e Gzi^)} ■ 
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and the same holds for families parametrized by contractible domains, there is 
a smooth map [0, 1]^ GO^) ■ {^^ u\{s) such that 

Wa(s)|s = 

This map can be chosen such that dxu\{s) = for A ~ and A ~ 1, and 
dsU\{s) = for s ~ and s ~ 1. Moreover, we can achieve A- independence of 
:= u\{0)^^ux{l). To see this, note that v^|s = 1 and there is a 5 > such 
that d\v'^ = for A ^ ((5, 1 — (5). Let f3 : [0, 1] [0, 1] be a smooth monotone 
cutoff function such that /3(A) = A for A G [5, 1 — 5], /3 = for A ~ 0, and /? = 1 
for A ~ 1. Now we can replace u\{s) by The resulting map 

(A, s) ma('S) satisfies u\{l) = u\{0)v' with v' independent of A, as claimed. 
Hence it extends to [0, 1] x R such that v' = ux{s)~^u\{s + 1) for all A and s. 
Define 

A'x := u*xAx G A{Pv',jO.), u':=Uq^uui. 

Then v'\^ = 1, A\\y: = 0, u'\^ = 1, and u'*{v',A'q) = {v',A[). Moreover ux is a 
morphism from (1, Aa) to A^) for every A. This gives a commuting diagram 

det(r']i,Ao) det(D]i,Ai) 

«* «* 

det(2?„-,Ai) ^ det A'J. 

There is a second diagram where the horizontal arrows are induced by the paths 
A (1, Aa) and A i-^- («', A^) = u*^{l,Ax)- That this second diagram commutes 
as well follows from a homotopy argument; namely the space of smooth maps 
[0,1]^ G{Y) : (s,A) ux{s) is connected and the diagram obviously com- 
mutes when ux{s) = 1. This shows that the claim holds for {u, t,Ax) if and 
only if it holds for {u' , v' , A'-^) . Hence Step 4 follows from a further homotopy 
argument (to achieve the relevant boundary conditions and vanishing of $ in a 
neighbourhood of dY). 

Step 5. We prove the claim. 

By Step 4, we may assume that vx = v and there exists a neighbourhood N cY 
of dY such that v\n = 1, Ax{s)\n = 0, <I>A(s)|Ar = 0, and u{s)\n = I- We shall 
argue as in the proof of (ii), namely choose a handle body Y' with dY' = S and 
transfer the problem to the closed 3-manifold F := F Us Y'. 

Since the map on orientations induced by the path A i— * A>, is invariant under 
homotopy we may assume that the path is the straight line 

Ax = {l- A)A + Au*A, 

where A e A{Pv) vanishes near the boundary and u € G{Pv) is equal to the 
identity near the boundary. Since v G G{Y) is the identity near the boundary 
we can extend it to a gauge transformation v G Q{Y) via v\y' ■= v' := 1. Then 
u e G{Pv) extends to a gauge transformation u G G{Pv) via u{s)\y' ■= 1 and 
A extends to a connection A G A{Pv) via Algixy := A' = 0. As in the proof 
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of (ii) we have three Fredholm operators X'u^a on x Y, X>„',a' on x Y' (both 
with boundary conditions ^ajay' = and a|gy £ Tq/I), and ^ on S"^ x y 
(without boundary conditions). We must prove that the isomorphism 

u* : Or(I?,,A) Or(I?,,„.A) 

agrees with the isomorphism determined by the homotopy. Since both the gauge 
transformation and the homotopy act triviaUy on det (!?„'. a') this means that 
the isomorphism 

u* (g) Id : Or(I?„,A X I?„-,A') -> Or(I?„,„.A x I?„.,a') (39) 

agrees with the homotopy isomorphism. As in the proof of (ii) we choose a 
family of Lagrangian subspaces connecting Ai to A2 to obtain two continuous 
famihes of isomorphisms (see Lemma lB.161 we use the fact that the Lagrangian 
subspaces can be chosen as compact perturbations of A^). For Ai the gauge 
transformation induces the isomorphism (1551) for A2 the isomorphism 

^* ■■ OriV. i) -> Or{V, ,^,~J (40) 

and similarly for the homotopy induced isomorphisms. For A2 both isomor- 
phisms agree by the standard theory for self-duality operators on closed 4- 
manifolds (see [H]). Hence they agree for Ai. This proves the claim and the 
theorem. □ 

Lemma 4.8. Let X be a manifold and [0, 1] x A ^ ■ (''"i 2;) ^ v^. he a 

smooth map. Then there is a smooth map 

[0, 1] X A X M ^ g{Y) : (r, x, s) ^ <(s) 

such that 

vl^uUs)-'vyiis + l), <(0) = ]1. (41) 

Proof. Choose a cutoff function /3 : [0, 1] [0, 1] such that /3(s) = for s ~ 
and /3(s) = 1 for s ~ 1. Define 

Then u^(s) = 1 for s ~ and u^(s) = {v^)^^v^ for s ~ 1. Hence extends 
uniquely to a smooth map from K. to G{Y) that satisfies (|¥T|) : the extension to 
(1,00) is given by mJ(s + 1) := {v^)^^ul.{s)v^ and the extension to (— cxd,0) by 
uj(s — 1) :— i'°u|^(s)(wJ)^^, in both cases for s > 0. Moreover, the resulting 
map [0, 1] X A X M ^ G(Y) is smooth in all variables. □ 

5 Exponential decay 

Let y be a compact oriented 3-manifold with boundary dY — S and let 
C C A{T,) be a gauge invariant, monotone Lagrangian submanifold satisfying 
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(Ll-2) on page [71 (Actually this section only requires the compactness of 
C/g^iY,) from (L2).) We fix a perturbation Xf : A{Y) VI?{Y,q) as in Sec- 
tion [21 The purpose of this section is to establish the exponential decay for 
finite energy solutions in the following two Theorems. The unperturbed Yang- 
Mills energy of a connection A S A{R x F) is ^ / I^Ap- In the presence of a 
holonomy perturbation the gauge invariant energy of A = A + $ds is 

EfW^\l \Fj, + XfiA)\'^l f (\dsA-dA<f\' + \FA + Xf{A)\'). 

An anti-sclf-dual connection in temporal gauge satisfies d sA-^-^{F a+X f{A)^ — 
and $ = and the energy simplifies to Ef{A) = J^g^^y \9sA\'^ . 

Theorem 5.1. Suppose that every critical point of the perturbed ChernSimons 
functional CSc + hf is nondegenerate. Then there is a constant 5 > Q such that 
the following holds. If A : [0,oo) — *■ A{Y) is a smooth solution of 

d,A + ^{FA + Xf{A)) = 0, A{s)\aY€C, (42) 

satisfying 

/ / \dsAf dvoly ds < oo, p > 2, 
Jq Jy 

then there is a connection A^o G A{Y, C) such that Fa^ +Xf{Aoo) = and 
A(s) converges to A as s oo. Moreover, there are constants Cq, C'l, C2, ■ ■ ■ 
such that 

11^ - ^oo|lcfc([s-l,s+l]xy) - ^fc^ 
for every s > 1 and every integer k > 0. 

Remark 5.2. Let X be a compact Riemannian manifold with boundary. We 
shall need gauge invariant Sobolev norms on the spaces n^{X,2) depending on 
a connection A G A{X). For p> 1 and an integer fc > we define 

k , \ i/p 

for a G il^{Y,g), where V^a denotes the jth covariant derivative of a twisted 
by A. For p = 00 we define 

Mw'-.^A — \McKA ■= max sup |V>|. 
These norms are gauge invariant in the sense that 

11"" "^"'^llw'fc.p.ti'A ^ II'^IItV'=.p,A 

for every gauge transformation u G Q{X). In particular, for fc = the i^-norms 
are gauge invariant and do not depend on the connection A. 
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Theorem 5.3. Suppose that every critical point of the perturbed Chern-Simons 
Junctional is nondegenerate. Then, for every p > 1, there are positive con- 
stants e, S, Co,Ci,... such that the following holds for every T > 1. If 
A : [— T, T] A{Y) is a smooth solution of satisfying 

[ I \dsA\^ dvolyds < e, (43) 

J-T Jy 

then, for every s G [0, T — 1] and every integer k > 0, 

where A G A{[—T, T] x Y) is the connection associated to the path A. Moreover, 
there is a connection Aq G A(Y, C) with + ^/(^o) = such that 

\\A - ^o||co([-s,s]xy) + 11^ ^ ^o\\w^-p{[-s,s]xY),Ao 

< Cqc ^'■'^ '^^ \\^sA\\j^2(i^[_rr^i-T]u[T-i,T])xY) (45) 

for every s G [0, T — 1]. 

The proofs of these resuhs will be given below. Theorem 15.11 guarantees the 
existence of a limit for each finite energy solution of (|42p. however, the constants 
in the exponential decay estimate depend on the solution. With the help of 
Theorem 15.31 one can show that these constants can be chosen independent of 
the solution of and depend only on the limit Aoo- This will be important 
for the gluing analysis. 

Corollary 5.4. Let Aoo be a nondegenerate critical point of the perturbed 
Chern-Simons functional CSc + hf- Then there are positive constant S, e, 
Co,Ci,... such that the following holds. If A : [0, oo) A(Y) is a smooth 
solution of satisfying 

[ [ dvolyds < e, limA(s) = ^oo, 

Jo Jy 



L2([0,oo)xy) 



then 

11^ - ^oo|lcfc([s,oo)xy) — " ll^^s^l 

for every s > 1 and every integer k > 0. 

Proof. Let S, e, C[. be the constants of Theorem 15.31 Then 

ll^5^llc'=([s,oo)xy).A - ^'k^^ ll^s^llL2([o^oo)xy) 

for k = 0,1,2,... and s > 1. For fc = the desired estimate follows by 
integrating from s to cc because the C'^-norm is independent of the reference 
connection A. Now argue by induction. If the result has been established for 
any k then there is a constant Ck, depending on Ck, such that 

ll"llc'= + i([s,oo)xy) - ll"llc''+i([s,oo)xy),A 
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for every a : [l,oo) — + Vi^{Y,Q). Applying this to a = dgA we obtain 

\\dsA\\c>' + ^([s,oD)y.Y) < CfcC[.+ie ||9sA||^2([o,oo)xy) 

and the required C'^+^-estimate follows again by integrating from s to oo. This 
proves the corollary. □ 



The proof of Theorems 15.11 and 15.31 is based on the following three lemmas 
concerning solutions on a long cylinder with little energy. We show that such 
solutions are uniformly close to a critical point and establish uniform estimates 
for the Hessian and the linearized operator. 

Lemma 5.5. For every k > 0, p > 0, and p > 1 there is an e > such that the 
following holds. If A : [—p, p] — s- A{Y) is a solution of [JWl that satisfies 



J'' J \dsA\^ dvolyds < e 



then there is a connection A^o G A(Y, C) with Fa^ +Xf{Aoo) = such that 

\\A{0) - A^\\^,„^y^^^^ + \\A{0) - A^W^^^y^ + \\dsA{0)\\^^^y^ < K. (46) 

Proof. Assume by contradiction that this is wrong. Then there exist constants 
K > 0, p > 0, and p > 1 and a sequence A^, : [—p, p] A{Y) of solutions of ([H]) 
such that ^ 

lim / / dvolyds^O (47) 

but (|46| fails. Let A^, £ A{[—p,p] x Y) denote the connection in temporal 
gauge associated to the path A^,. Then Fa,^ + Xf{Ai,) converges to zero in the 
L^-norm, by (j47|l and (|42|) . Now it follows from the energy quantization in [36t 
Theorems 1.2, 2.1] (for general Lagrangians see [23], and for the perturbed ver- 
sion see Theorem lD.4p that satisfies an L°°-bound on the curvature. Hence, 
by [35i Theorem B] and Theorem ID. 41 there is a subsequence (still denoted 
by Ai,) and a sequence of gauge transformations Ui, e Q{[—p/2, p/2] x Y) such 
that u^A^ converges to A^o = ^oo(s) + <i>oo('S)ds e ^([— p/2, p/2] x Y) in the 
C°°-topology. By (|^^ and ([171) the limit connection satisfies 

5sAoo(s)-dA^(,)$oo(s) = 0, FA^(s)+Xf{Aoo{s)) = 0, Aoo(s)|s e £ 

for every s € [—p/2, p/2]. After modifying the gauge transformations Ui, we 
may assume in addition that <i>oo(s) = and ^oo(s) = ^oo is independent of s. 
It then follows that u~^dsUi, converges to zero in the C°°-topology. So after a 
further modification we can assume that the u^(s) = Ui, is independent of s, 
and so the convergent connections M*Ay are in temporal gauge, given by the 
paths [-p/2, p/2] A{Y) : s ulA^{s). Hence 

J™^||^.(0)-(w;')*Aoo||v^i.p(y)^„-i.^^ = Jun ||«A,-Aoo)(0)||^^,,p^^^ =0, 
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lim \\A^{0) - (u^^)*^oo|| roc/y, = lim 11 (w* A,, - Aoo)(0) L ^ = 0, 
lim \\dsA,y{0)\\^^,Y) ^ 1™ l|5s«Ay)(0)||^oofy) = ||9s^oo|lL~(y) =0. 
This contradicts the assumption that (j46p fails, and thus proves the lemma. □ 

Lemma 5.6. Suppose that every critical point of the perturbed Chern-Simons 
functional CSc + hf is nondegenerate. Then, for every p> 0, there are positive 
constants cq and e with the following significance. If A : [— p, p] A(Y) is a 
solution of such that 



J" J \dsA\^ dvoly ds < e, 



then for every a G i^^(o) (Y, fl) 

ll"IU8(y) + WallL^idY) < co(||dA(o)a + d^/(^(0))"||L2(y) + ||dA(o)"||L2(y))- 

Proof. Assume by contradiction that this is wrong. Then there is a constant 
p > 0, a sequence A^, : [— p, p] — > A{Y) of solutions of (|42|) with ((47|) . and a 
sequence ai, € fi^^^Q^ (F, g) such that 

l|a,.|li,6(y) + ||ai.||L*(ay) ^^^^ 



^(o)aj. + dX/(yl^(0))a,.||^2(y) + \\'^*a^(o)"'^\\ l^y) 



>C30 



Arguing as in the proof of Lemma [5.51 we find a subsequence, still denoted by 
and a sequence of gauge transformations Ui, E G{y) such that w*Ajy(0) 
converges in the C°°-topology to a connection Aoo E A{Y, C) that satisfies 
Fa^ + Xf{Aac) = 0. By assumption Aq^ is nondegenerate, so by Corollary [321 
there is a constant C such that 

||(a,0)||,^i,.(y) < C||HA^(a,0)||^,(y) (49) 

for every (a,0) G domTi^^. By Theorem IE. 21 this estimate is stable under C^- 
small perturbations of A^ , and by gauge invariance it continues to hold with A^o 
replaced by ^^(0). Precisely, let U C A{Y,C) be a neighbourhood of A^o and 
{Qa}agw be an operator family that satisfies the requirements of Theorem IE. 21 
Then u*Ay(0) £ U for large v adnd the isomorphisms Qy := Q„»a„(o) x W from 
dom^A^ to dom'W„.A_^(o) converge to Qa^ x Id = Id in both C{W^''^) and 
so the sequence Q^, ^Ti-u* A^{o)Qv has the constant domain domTiyi^ , and 
it converges to H-a^ in the operator norm on C{W^''^ , L^). Hence, for large we 
can replace H-a^ by QZ^T^u* A„{o)Qi' ™^ 63) to obtain estimates with a uniform 
constant C . Since Qu converges to the identity in the relevant operator norms 
we obtain the following estimate with uniform constants Q but varying domain: 

l|a||L6(y) + \\a\\Li{dY) < C*! || 0) ||vKi.2(y) - '^A\^-^IA^{'^)^'^'^)\\l-^{y) 
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for every (a, 0) G domHu'A^{o)- Here we have used the Sobolev embedding 
W^''^{Y) ^ L^(Y) and the^trace theorem W^^'^iY) ^ L'^idY). Since T^-aC = 
u~^{Ta^)u we can apply the last estimate to (u^^Ofi/Uj/, O) G dom 7i„. (q) . 
Since the norms on the left and right hand side are all gauge invariant the 
resulting inequality contradicts (|48p . This proves the lemma. □ 

Lemma 5.7. Suppose that every critical point of the perturbed Chern-Simons 
Junctional CSc + hf is nondegenerate. Then, for every p > p' > 0, there 
are positive constants co,Ci,... and e with the following significance. If A : 
[— p, p] -A{Y) is a solution of such that 

J" J \dsA\^ dvolyds < e, 

then, for every smooth path {—p,p] V,^{Y,q) x V,^{Y,g) : s i— s- {a{s),(p{s)) 
satisfying a{s) G n\^^^{Y, q) and every integer k>0, we have 

\\i^^'p)\\ci'{[-p',p']xY),A 

<Cfc(||l?A(a,^)||^. + 2.2([_p,p]><y),A+ I|("''^)|Il2([-P,p]xY))- 

Proof. If this is wrong, then there exist constants k > 0, p > p' > and a se- 
quence : [— p, p] — > A{Y) of solutions of with (|T7)l. for which the constant 
in the estimate blows up. As in the proof of Lemma [5T5l we find a subsequence of 
the connections on [—p,p] x Y, still denoted by A^, and gauge transformations 
Uu G GO^) such that M*Ay converges in the C°°-topology on [—p/2,p/2] x Y 
to a constant connection Aoo = Aoa G A{Y, C) . Now by Theorem 13.111 and 
the Sobolev embedding theorem, and with the norms of Remark 15.21 there is a 
constant C such that for every (a, satisfying a{s) G ^\^{Y,q) 

||(a:</')||cfc([_p/ p/]xy),A^ 

< C'(II^A^("''^)IL^+2.2([_p,p]xy),A^ + I|("''/')|Il2([-p,p]xF),A„„)- (50) 

The same argument as in the proof of Lemma [5.6l (with the sequence of operators 
Qv{s) := Qu*A„{s) X Id) shows that this estimate continues to hold with A^c 
replaced by m*Aj^. Note that 'Du*A^u~^{aiy,ip^)u,^ = u'J^(T>A^{a,^, ip,^))u,^. So 
since the norms are gauge invariant, the above estimate also holds with A^o 
replaced by A,^, which contradicts the choice of A^, and thus proves the lemma. 

□ 

Proof of Theorem \5.1[ The proof has three steps. 

Step 1. There is a uniform constant S > (independent of the solution A) and 
a constant C ( which depends on A) such that 

\\d,A{s)\\^, <Ce-^' fors>0. 
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Define 

9is) -.^UjOsAl'^^jFA + XfiA)]'. 

Then 

g'{s) = {dAdsA + dXf{A)dsA) A *{Fa + Xf{A)) ), 

and hence 

g"{s) = JjdAdsA + dXf{A)dsA\^ - {[dsA A dsA] + dAd^,A)Ad,A) 
- {d^Xf{A){dsA,dsA) + dXf{A)d^^A)/\dsA) 
= J \dAdsA + dXf{A)dsA\^ - J { d^,AA{dAdsA + dXf{A)dsA) > 

{[dsA/\dsA]+d^Xf{A){dsA,dsA))/\dsA)- [ {d^^AAdsA) 



>2\\dAd,A + dXfiA)dsA\\l,^Y^ 

> (4(52 _ c2\\dsA\\^^^^^) {\\dsA\\l,^y^ + \\dsA\ 
>2S^dsA\\l,^Y^ 
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for uniform constants Ci and 6 > and s sufficiently large. Here we used ([H]). 
In the first inequality the term J^{d'^AAdsA) is controlled by ||9sA|||3(.gy^, 
see Lemma 2.3] and [33] for general Lagrangian submanifolds. The first 
inequality also uses the estimate on d'^Xf{A) from Proposition lD.il (v). For the 
second inequality note that every solution of satisfies dsA{s) € Ta{s)^ a-nd 

*dsA\9Y = -{Fa + Xf{A))\9Y = 0, 

d*AdsA^*dAiFA+Xf{A)) = 0. ^ ' 

These identities use ((TU)) and the Bianchi identity as well as the facts that 
the perturbation vanishes near dY and that the Lagrangian submanifold £ is 
contained in the flat connections on dY. Now we can apply Lemma [5.61 to the 
paths [—1,1] — > A{Y) : u ^ A{s + a) (whose derivative is L^-small due to the 
finite L^'-energy of the path) and to the 1-forms a = dsA{s) £ fi]^^^^ (F, g), for 
sufficiently large s > to obtain 

\\dsA\\l,^^.^ + \\dsA\\\,^g^^ < {2S^)-^dAdsA + dXf{A)dsA\\l,^^y 

Here we have chosen (2(5^)^^ = (coc)^ with the constant cq from Lemma [5.61 
and a further Sobolev constant c, so (5 > is independent of the solution A. 
The last inequality in the estimate of g" is due to ||9sA(s)||Lo=(y) < 26^C2^ 
for s sufficiently large. This follows from Lemma 15.51 applied to the paths 
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[-1, 1] ^ A{Y) : a A{s + a). So we have g"{s) > AS'^g{s) for s sufficiently 
large. This implies the assertion of Step 1, i.e. g{s) < C'^e~'^^^, by a standard 
argument (see e.g. the proof of [551 Lemma 2.11]). 

Step 2. Let S > be the constant of Step 1 and A G y^([0,oo) x Y) he the 
connection associated to the path A. For every integer k > there is a constant 
Ck such that for every s > 1 

llr) 4 II < C, p~^'^ 

\\"''^\\c<'{[s~l,s + l]-><Y)M-^''^ 



Fix fc > and consider the connections Ag. e ^([—2,2] x Y) given by the 
paths Ac{s) := A{(t + s). Due to the finite L^'-energy of A on [0,oo) for some 
p> 2 these paths on [—2,2] satisfy ||9sA(j||i2Q_2.2]xY) — > as ct oo. So by 
Lemma |5 . 71 there is a constant Ck such that for all sufficiently large a 

< Cfc (||2'A„(a,'p)||j^.+2,2([_2,2]xy),A„ + IK"''^)IL^([-2,2]xy)) 

for every smooth ip : [—2,2] — > g) and a : [—2,2] g) satisfying 

a{s) € g). Now apply the estimate to the pair 

a{s) -.^ dsA{a + s), (p{s) := 0. 

Differentiate (|42p and recall ([51]) to see that {a, (p) G kerI?A^ and hence 

ll'^s^llc''([CT-i.(T+i]xy),A - "^fc ll^s^llL2([cr-2,o-+2]xY) < CfcC(2(5) ^ e^^ e ^"^ . 
The last inequality follows from Step 1 and proves Step 2. 

Step 3. Let 5 > be the constant of Step 1. Then there is a connection 
Aoo € A{Y,C) such that Fa^ + X/(Aoo) = and a sequence of constants 
Co, Ci, C2, . . . such that 

11^- ^oo||cfc([s_l^s+l]xY) - "^fe^ (^^) 

for every integer k > and every s > 1. 

By Step 2 we have ||9s^(s)|Il°=(f) — Coe~^^ for every s > 0. Hence the integral 

POO 

Aoo ■■= A{0) + / dsA{s) ds = lim A{s) 
Jo 

converges in L°°{Y, T*Y (g) g) and defines a C'^-connection on Y. This directly 
implies AqoIe G £. Moroever, ([5^ holds with fc = 0. We prove by induction on 
fc that Aoo is a C'^ connection that satisfies ([5^ . For fc = this is what we have 
just proved. Fix an integer fc > 1 and suppose that Aoo is a C*^^^ connection 
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that satisfies ([5^ with k replaced by — 1. Then A is bounded in C'' ^ and so 
there is a constant C such that 

\\'^\\c^{[s~l,s+l]xY) - ^ \\'^\\c'{[s-l,s+l]xY)M i^"^) 

for every £ < k, s > 1, and every a e {[s - 1, s + 1] x Y, T*Y (g) g). So it 
follows from Step 2 that 

ll^s^llc'=([s-i,s+i]xy) - C'Cfcg 

Hence for si > sq > 



J So 

This shows that Aqo is a C'^ connection with 

\\A{s) - Aoollcfc(Y) < 



The exponential decay of af (A(s) - Aoo) = 5f A(s) in C''-'^{Y) for ^ = 1, . 
follows from Step 2 and (I53p . so this implies (|52p . Moreover, 



i^^^ +X/(Aoo) = lim {FA^,)+Xf{A{s))) = - lim ^d,A{s) = 0. 
This proves Step 3 and the lemma. □ 



Proof of Theorem 15. Let ^ > be the constant of Step 1 in the proof of 
Theorem 15.11 We prove that there are constants C and e > such that the 
following holds for every T > 1. U A : [~T, T] A(Y) is a solution of g2]) that 
satisfies P5)) . then it also satisfies 

\\9sA{s)\\^2(^Y) - '''^ I1^'>"^IIl2(([-T,1-T]u[T-1,T])xF) (^4) 

for |s| < T — 1/2. Let e > be the constant of Lemma [5.61 with p = j and 
assume that (l43t holds with this constant e. Define / : [— T, T] ^ M by 

Then the same argument as in Step 1 in the proof of Theorem 15.11 shows that 
there is a constants C2, independent of A, such that for \s\ < T — 1/4 

Shrinking s if necessary we may assume, by Lemma 15.51 with p — 1/4, that 
\\dsA{s)\\j^^f^y^ < 2^2/c2 and hence 

/"(s) > 4d^f{s) for \s\<T- 1/4. 
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Now ([S3]) follows from Lemma EH] below with p = 1/4, 6 replaced by 2S, and T 
replaced by T - 1/4. 

Integration of (jM)) yields 

3/2,o-+3/2]xy) <C"e ^'^'^ ''^'M|<9s^IIl2(([-T,1-T]u[T-1,T])xF) 

for every a € [-T + 2,T - 2] with C" = Ce^^a^-i/a. Now, shrinking e if 
necessary, we can apply Lemma 15.71 with p = 3/2 and p' = 1 to the paths 
shifted by a. Since {dgA, 0) G kerDA (as in Step 2 of the proof of Thcorcm l5.ip 
we obtain constants Ck and Cj^ for every fc > such that 

ll^s"4|lc''([o--l.cr+l]xy),A - ^'k ll^s^llL2([CT-3/2,o-+3/2]xy) 

< CfeC '''^^ ''^'M|<9s^IIl2(([_j. ^_y]u[T-l,T])xF) • 

for every a € [— T + 2, T — 2]. Taking the supremum over <t e [— s + 1, s — 1] 
then proves the assertion (|^^ on 9s^. 

To prove (|45)) it remains to estimate the derivatives tangent to Y. We fix 
any two constants k > and p > 1 and then, by Lemma 15.51 find a connection 
Aq G A{Y,£.) such that + ^fi^o) = and 

\\A{0) - Ao\\w^.,(^YiAo + 11^(0) - ^"11 L^{Y) < 

After a gauge transformation on Aq we can assume that A{0) lies in the local 
slice Sa{o) of A(0), that is d*A^{A{0) - Aq) = and *{A{0) - Ao)|ay = 0. Since 
all critical points are nondegenerate, Corollarv l3. 61 provides a universal constant 
Co depending on q > max{3,p} such that for all a G fl^(Y,Q) with *Q!|gy = 

< Co (\\dAoa + dXf{Ao)a\\^^^y^ + \\dAga\\^^^Y^ + ||n^^£(a|ay ) H^^^^y^) • 

When applying this to a = ^(0) — we can use the estimate 

||n^^£(a|ay)|L,(e^) ^ ci ||(^(0) - ^o)| 

with a uniform constant ci since A(0)|ay and Aolay both lie in the submanifold 
£ C ^°'*(E). More precisely, we abbreviate A'q := Ao\gY, then we can use the 
exponential map in Lemma lE. 31 to write 

AmoY = Qa'SP) = A', + (3+ [\dQa',{tP) - DQa'MP dr 

for some (3 G T^q£, using the identities 0^(0) = A and DQa = Id. The map 
is smooth and gauge invariant, and C/Q{T,) is compact, so by the choice 
of K > we obtain arbitrarily small bounds on ||/3||l9(s) and a uniform linear 
bound \\DQA'g{T(i) — DQA'^{^)\\ < c'||/3||l5(e)- This implies the uniform estimate 

||(^(0)|ay - A'^) - /?||^,(^^ < c'||/5||i,(5.) < ci||(A(0) - Ao)|ay||L(9y)- 



52 



We also use the identity dAoCt = -^4(0) — Faq — 5 [a A a] to obtain 

\\A{0)-Ao\\l^^y) + \\A{0)-Ao\\ 

W^.p{Y),Ao 

< co(||^^A(o) +^/(^(0))||L.(y) + ^ (^]\\lhy) 

+ \\Xf{Aa + a)- Xf{Ao) - dX^(Ao)a|U,(y) + ci||a|aY||L(ay)) 

< co\\dsA{0)\\L.(Y) + c2n\\M0) - ^oIIl-(y)- 

Here C2 is another uniform constant and we have used Proposition ID. II (v) for 
the perturbation term. If we choose k = (2c2)^^ and the corresponding e > 
from Lemma |5. 51 then this proves 

\\A{0) - Ao\\l^(^y) + \\AiO) - Ao\\w^.P^Y),Ao < 2co||a.A(0)|!L,(y). 

Now (fiS)) follows by integrating over the estimate for dgA. □ 

Lemma 5.8. For every d > and every p > there exists a constant C such 
that the following holds. IfT > p and f : [—T,T] -^Mis a -function satisfying 

/"(s) > S'fis), f{s) > (55) 

for all s G [~T,T], then 

f{s) < Ce-^(^-l^l)£;p(/) (56) 

for all \s\ <T — p, where 

J-T JT-p 

Proof. We claim that there is a constant Co = Cq [5, p) > such that every 
C^-function / : [— T, T] ^ R with T > p that satisfies (|55t also satisfies 

/'(s) - Sf{s) > -Coe-'^Ep{f) (57) 

for all < s <T. To see this note that, for every s E [—T, T], we have 

^/'{fis) - 5f{s)) = e'^ifis) - S'fis)) > 0. 

Hence 

f'{s)-Sfis)>e'^^~^\f'ir)-Sf{r)) 

for all — T < r < s < T. Integrating this over the interval t < r < t + p/2 for 
-T <t < -p/2 -T < t < p/2 - T and s > gives 

f'{s) - 6f{s) > I e'^ifir) ~ Sf{r)) dr 



P 

2e~Ss rt+p/2 / J 



P Jt Vdr 

P P 



{e'-f(r))-2Se'^fir)\ dr 
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Integration over the interval -T < t < p/2-T yields §7} with Cq := Up-'^e^P. 
By ([57)1 . we have 

for < s < T and hence 

for < s <t <T, where Ci Co/5. For s < T - p < t < T this implies 

fis) < + Cie^(^-^) £;,(/) < e'^^-^\e'p /(t) + C,Ep{f)) . 

Integrating this inequality over the interval T ~ p < t < T gives ([55]) for < 
s <T - p with C := Ci + p^^e'^''. To prove the estimate for -T + /? < s < 
replace / by the fmiction s i— > f{—s). □ 

We close this section with a useful exponential estimate for the solutions of 
the linearized equation. 

Theorem 5.9. Let A : [0,oo) A{Y,C) be a finite energy solution of J^gp that 
converges to a nondegenerate critical point A'^ G A{Y^ C) of CSc + ^/ . Then 
there exists a constant 5 > Q with the following significance. If a : [0, oo) — > 
Q}{Y,q) is a smooth solution of the equation 

dsa{s) = *{dA{s)a + dX f{A{s))a{s)) , d^(^.)a(s) = 

satisfying the boundary conditions a{s)\s e T^(s)£ and *q;(s)|e = 0, and 
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then there are constants Ck such that, for every s > 1 and every integer k > 0, 



\\'^\\c''{[s-l,s + l]xY) ^ C'fcC 



Proof. We prove first that 



Hs)\\l.^Y) < Ce-'^- (58) 



Since the limit connection is nondegenerate, CoroUarv 13 . 61 provides an estimate 

\\<^{s)\\^,,2^Y) < c \\dA{s)a + dX/(A(s))Q;(s)||^2^^j 
for s sufRciently large. This implies that the function 

g{s) := \ |la(s)||^2(y) 
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satisfies 



= \\dsa\\l, + {{dA+dXf{A))dsa,a) + {{[d,A,a] + d^Xf{d,A,a)),a) 

JdY 



> 2c ||a||n.i,2(y) - C\\dsA\\^ MoyW l2(sy) - C\\dsA\\oo \\a\\ ^2(y) 

> 5^9{s) (59) 

for some (5 > and all s > sq. Here we used Proposition ID. II (v) to estimate 
||d^X^(9s^, a)||i2(y) and Theorem IE. II to write a(s)|gy = P^^g-^^g^ [3{s) for 
tangent vectors j3{s) G T^^/I at the limit connection Aq := lims^oo ^(s)la'K- 
This gives the estimate 

{dsa\9Y/\a\dY) = / ( (a,P4(^)|a^)/3Aa|ay ) < C\\d,A\\^\\a\oY\\l2tgY)- 

dY JdY 

The final inequality in ([55)) follows from the exponential decay of dgA (see 
Theorem 15 .11) with any 5 < 2c^^ and sufficiently large sq. This shows that the 
function h{s) := e^'"'{g'{s) + 6g{s)) is monotonically increasing for s > sq. We 
claim that h(s) < for all s > so- Suppose otherwise that there is an si > sq 
such that ci := h{si) > 0. Then h{s) > a for all s > si, hence 

as 

and hence, by integration, 

e'^9{s) > ^e^^^ - (ge^^- - 6^-5(^1) 

But this means that the function s 1— s- e^''*(7(s) is not integrable, in contradiction 
to our assumption. Thus we have proved that h{s) < and hence g'{s) < —Sg{s) 
for every s > sq. Hence either g vanishes identically for all sufficiently large s 
or 5 > for all s > sq and (log g)' < ~S. This proves ([58]) . 

To obtain bounds on the derivatives of a we use Theorem 13 . 1 1 1 fii) with 2?a 
replaced by the adjoint — = — "Ha- Since A{s) converges in the C°° 
topology for s ^ CX3 we obtain |la|| w'fc+i,2([s_i_s+i]xY) < Ck\\a\\Lms-2,s+2]xY) 
with a uniform constant Ck for each integer k and all s > 2. The result then 
follows from the Sobolev embeddings W''+^'^{[-l,l]xY) C'=([-l, 1] x F). □ 



6 Moduli spaces and Fredhom theory 

In this section we set up the Fredholm theory for the boundary value prob- 
lem (|16p . For the purpose of this paper we could restrict the discussion to the 
case of a tube R x F as base manifold. In view of a future definition of product 
structures however, we take some time to introduce a more general class of base 
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manifolds and develop the basic Fredholm theory for these. For the index com- 
putations we then restrict to the case of a tube. We begin by introducing the 
basic setup followed by a discussion of the relevant moduli spaces. The main 
part of this section then discusses the properties of the linearized operators. 

Instanton data 

Definition 6.1. A 4-manifold with boundary space-time splitting and 
tubular ends is a triple {X, r, l) consisting of 

• an oriented smooth 4:-manifold X with boundary, 

• a tuple T = {ti, . . . ,Tm) of orientation preserving emheddings 

Ti : Si X Y^i ^ dX, i = 1, . . . m, 

where each S,; is a compact oriented 2-manifold and each Si is either M 

or ^ M/Z, 

• a tuple i = (ti, . . . , in) of orientation preserving emheddings 

Lj : (0, oo) X Y,- ^ X, j = 1, . . . , n, 
where Yj is a compact oriented 3-manifold with boundary, 
satisfying the following conditions. 

(!) The images of the embeddings n,. . . ,Tm have disjoint closures and 

m 

dX=\Jn{Si X Hi). 

(ii) For j = 1, . . . ,n the image Uj := tj((0, oo) x Yj) of ij is an open subset of 
X, the closures of the sets Uj are pairwise disjoint, and the set X\[y^^-^ Uj 
is compact. 

(ill) For every j G {l,...,n} there is a subset Ij C {l,...,m} and a map 
£j : 7j- — > {±1} such that 

dYj = U S„ ij {s,z)= n {Sj (i) (s + 1) , z) 
ieij 

for s > 0, i £ Ij , and z ^ The orientation of Y,i coincides with the 
boundary orientation of Yj iff Sj (i) = — 1 . 

Definition 6.2. let {X, r, t) be a A-manifold with boundary space-time splitting 
and tubular ends. A Riemannian metric g on X is called compatible with 
the boundary space-time splitting and the tubular ends if 
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(i) on each tubular end the metric is of split form 

L*g = ds^ 

where gj is a metric on Yj independent of s d (0,oo), 

(ii) each ti can he extended to an embedding fi : Si x [0, Si) x'Ei X for some 

Ei > such that 

f*g = ds^ + dt^ + gi^s.t, 
where gi^s,t is a smooth family of metrics on E^. 

A quadruple {X, r, t, g) with these properties is called a Riemannian 4-mani- 
fold with boundary space-time splitting and tubular ends. 

Remark 6.3. (i) On the tubular ends condition (ii) in Definition 16.21 follows 
from (i). Indeed, on Uj the extension fi for i € Ij is obtained by composing Lj 
with the embedding [0, e) x — > Yj associated to geodesic normal coordinates. 

(ii) Let {X, T, i, g) be a Riemannian 4-manifold with boundary space-time split- 
ting and tubular ends. Then X can be exhausted by compact deformation 
retracts. Hence the triple {X, r, g) is a Riemannian 4-manifold with a boundary 
space-time splitting in the sense of Definition 1.2]. 

Example 6.4. Let F be a compact oriented 3-manifold with nonempty bound- 
ary dY = E. Then X := R x y satisfies the requirements of Definition 16.11 with 
the obvious inclusion r ; R x E ^ dX, Yi := Y,Y2 ;= F (which has the reversed 
orientation), i,i{s,y) (s + 1,?;), i2{s,y) := (— s — l,y). For any metric gy on 
Y the metric ds^ -I- on R x F satisfies the conditions of Definition 16.21 If g± 
are two metrics on Y then, by [3S1 Example 1.4], there is a metric g on R x y 
that satisfies the conditions of Definition 16.21 and has the form g = ds^ + g± for 
±s > 1. 

The following result will be needed in the proof of independence of the Floer 
homology from the choice of a metric. 

Lemma 6.5. Let {X, r, t) be a A-manifold with boundary space-time splitting 
and tubular ends and, for j — 1, . . . ,n, let gj be a metric on Yj. Then there 
is a metric g on X , compatible with the boundary space-time splitting and the 
tubular ends, such that (i) in Definition \6.2\ holds with the given metrics gj. 

Moreover, the space of such metrics g is contractible if we restrict the con- 
sideration to those metrics with Si > e in (ii) for any fixed £ > 0. 

Proof. The construction of a metric with given ends works as in [351 Exam- 
ple 1.4]. Denote by Met(X, r, t) the set of metrics on X that satisfy (i) in 
Defintion 16.21 and t* g =^ ds^ + gi^g for i = 1, . . . , m and some families of met- 
rics igi,s)seSi on Ei. Then Met(X, r, t) is convex and hence contractible. Fix 
e > and let Met^{X,T, l) C Met{X,T, l) denote the subset of all metrics 
that are compatible with the boundary space-time splitting and the tubular 
ends as in Definition 16.21 with > e in (ii) . To prove that Met^ {X, r, t) is 
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contractible it suffices to construct a continuous left inverse of the inclusion 
MeteiX, T, i) ^ Met{X, r, t). 

Every metric g G Met{X,T, l) determines embeddings 

fg,i ■■ Si X [0, S) xT.i—> X 

defined by 

Tg^t{s,t,z) := exp^.(^^^)(ii^j(s,z)), 

wfiere Vi : Si x J^i ^ t*TX denotes the inward unit normal. The constant ^ > 
for which the fg^i are embeddings can be chosen uniform on a C ^-neighbourhood 
of the metric. Taking a locally finite refinement of the cover of Met{X, r, t) by 
these neighbourhoods and using a partition of unity one can construct a function 

d : Met{X, t,l) (0,e], 

continuous with respect to the C°°-topology, such that the maps fg^i are embed- 
dings for < ^ < S{g). 

For g e Met{X, t, l) and i = 1, . . . , m define the metrics hg^i on the strips 
5^ X [0,5(.g)) X by 

hg^i ds^ + dt^ + gi^s,t, 

where the metric gi^s,t on Ei is the puUback of the metric on X under the 
embedding z Tgs{s, t, z). We fix a smooth cutoff function A : [0, 1] [0, 1] 
such that \{t) — for t near and \{t) = 1 for t near 1. Then for (5 > we 
define Xs : S, x [0, 5)xY.,^ [0, 1] by 

\5{s,t,z) := \{t/5). 

Now we can define the map Met(X, t, t) lsi\ct^{X, l,t) : g i-^ g hy 

9 ■■= {Tg,t)*{hig)^lt9 + (1 - h{g))hg^i) 

on the image of fg^i for i — I, . . . ,m and hy g :— g on the complement. This 
map is the identity on Met^{X, r, t) since Si > e > 5{g). So we have constructed 
the required left inverse of the inclusion Metg{X, r, l) ^ Met(X, t,l). □ 

Definition 6.6. Let {X, r, t) be a A-manifold with boundary space-time splitting 
and tubular ends. Instanton data on X are given by a triple {g,C,f) with the 
following properties. 

• g is a Riemannian metric on X compatible with the boundary space-time 

splitting and the tubular ends. 

• C — is an m-tuple of gauge invariant, monotone Lagrangian 

suhmanifolds Ci C A{Tii), satisfying (Ll-2) on page^ 

• Xf : A{X) — !■ Q,'^{X,g) is a holonomy perturbation as in the introduction 

such that, on every tubular end and for every A G A{X), the 2- form 
i.*Xf{A) e f7^((0,oo) X Yj-,g) is induced by the path s X f.{Aj{s)), 
where t*A =: Aj{s) + ^j{s)ds. Here Xf. : A{Yj) fl'^{Yj,Q) is as in (0). 
The perturbation f involves a choice of thickened loops, i.e. embeddings 
ji : X fl ^ int(X), where il C M"^ is a contractible open set. 
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The moduli space 

Let {X, T, l) be a 4-nianifold with boundary space-time splitting and tubular 
ends and let {g, C, /) be instanton data on X. The perturbed anti-self-duality 
equation with Lagrangian boundary conditions has the form 

fA + X/(A) + *(i^A + X/(A)) =0, r*,AeA Vse5.. (60) 

Here the embedding Ti^s : — > X is defined by Ti^s{z) := Ti{s, z). The energy 
of a solution is 

£;/(A) ■.= ljj^Fi, + Xf{K)\\ 

By Theorem 15 ■ 1 1 every finite energy solution of ([60]) that is in temporal gauge on 
the tubular ends converges to critical points Aj of the perturbed Chern-Simons 
functionals, i.e. 

jTjV)^-^^W-..s^^.y.) = '^ (61) 

for every j S {1, . . . , n} and every integer fc > 0. This equation is understood as 
follows. We denote by A{X, C) the set of smooth connections A g A{X) that 
satisfy the Lagrangian boundary conditions t*jA S d for all i e {!,... ,m} 
and s £ Si. On a tubular end, any such connection decomposes as 

i*A = Bj + $jds 

with $j : (0,oo) n°{Yj,Q) and Bj : {Q,oo) ^ A{Yj,C). Here AiYj,C) 
denotes the set of smooth connections B £ A{Yj) that satisfy the Lagrangian 
boundary conditions -B|sj G Ci for all i S Ij. The temporal gauge condition 
means that $j = 0. For j — 1, . . . ,n the connection Aj e A{Yj,£) in ([61]) is a 
critical point of the perturbed Chern-Simons functional for Yj, i.e. 



FA,+XfMi) = 0. 



The space of solutions of ((60)) and (|6T|) that are in temporal gauge on the tubular 
ends will be denoted by 

MiAi,...,A„;Xf)(iA{X,C). 

Let us denote by Gaj C G{Yj) the isotropy subgroup of Aj. Then the group 
G{Ai, . . . , An) of all gauge transformations u € QiX) that satisfy uo Lj = Uj G 
for j = 1, . . . ,n, acts on the space A4{Ai, . . . , An;Xf). The quotient will 
be denoted by 

MiAi, . . . , A„; Xf) := M{Ai,. . . , A„; X/)/^(Ai, . . . , A^). (62) 

In the case of the tube X — M. x Y , this moduli space can easily be identified 
with the one that is mentioned in the introduction. Similarly, the moduli space 
M{A[, . . . , A'n'jXf) for gauge equivalent limits A- e [Ai] can be identified with 
MiAi,...,An;Xf). 
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The linearized operator 

Fix critical points Aj £ A{Yj,£), j — 1, . . . ,n, of the perturbed Chern-Simons 
functionals and let A g A{X,£) be a connection satisfying (|6ip . Denote by 
r2^(X, g) the space of smooth 1-forms that satisfy the boundary conditions 

* a\dx = 0, T*,.a g T^-^A-Ci: (63) 

for is {1, . . . , m} and s G Si. Then A determines a differential operator 

pAtt ((dAtt + dX/(A)a)+, -dXa) , (64) 

where w+ := ^(a; + *u!) denotes the self-dual part of a 2-form uj G rP{X,Q). 
This is a generalization of the linearized operator on M x F in ((3T|) . The formal 
adjoint operator 

VI : nl+{X,Q) X r!O(X,0) ^ (X,0) 

is given by 

VKuj, ip) = d^u + dXfiA)*uj - dAV?. 

Here fl'^^{X,g) denotes the space of self-dual 2-forms a; on X that satisfy the 
boundary condition 

tL'^ = 0, t(i9/9s)r*w|{s}xs e T^-^aA (65) 

for i e {1, . . . , m} and s £ 5^. 

To obtain a Fredholm operator we must impose decay conditions on a at the 
tubular ends and extend the operator to suitable Sobolev completions. For any 
integer fc > 1 and any p > 1 denote by W^'^(X, T*X(E)q) the space of 1-forms on 
X of class W'^'P with values in g that satisfy the boundary conditions ([55)FI and 
by W^'P{X, A^'+T*X^g) the space of self-dual 2-forms on X of class W'^'P with 
values in g that satisfy the boundary conditions ((65|) . The following theorem 
summarizes the Fredholm properties of Va and V^. The regularity results (ii) 
and (iii) are steps towards the proof of (i). 

Theorem 6.7. Suppose the limit connections Aj are nondegenerate and irre- 
ducible, i.e. H\. — and H\, j. ~ for j = 1, . . . ,n. Then the following holds 
for every connection A e A{X, C) that satisfies f61\) . 
(i) The operators 

Va : W^'P{X, T*X ® fl) ^ W''-^-PiX, A^^+T*X ® g) x W'^-^'PiX, q), 

VI : W'l'^iX, A2'+T*X (g) fl) X W''-'P{X, Q) W''-^^P{X, T*X ® g) 

* Note that the subscript A in W^'^ indicates boundary conditions for the 1-forms in this 
space. This is not to be confused with the norms || ■ ||pj/fc,p in Remark l5.2l where the subscript 
indicates that the covariant derivatives are twisted by A. 
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are Fredholm for every integer fc > 1 and every p > 1 . Their Fredholm indices 
5f{A) indexI?A = — indexl?^ 

are independent of k and p and depend only on the homotopy class of A subject 
to (EIP- 

(ii) Ifae LP{X, T*X (g) 2), to e W''~^'P{X, A^'+T*X (g> 2), (p e w''-^^p{x, 0) 
satisfy the equation 

f {Vl{cu',^'),a)^ f (^{u;',cu} + {p',^)) (66) 

for every compactly supported smooth (uj',ip') G il^^{X,g) x il'^(X,g), then 
aeWll'P{X,T*X and V t,a ^ {uj , ip) . 

(iii) Ifuj e LP{X,K^-+T*X®q), ip e LP{X,q), a e W^-^^p{X,T*X®q) satisfy 
the equation 

f {{LO,ip),V^a') - / {a, a') (67) 
Jx Jx 

for every compactly supported smooth 1-form a' G fl\{X,2), then we have 
uj £ W^-P{X, A^-+T*X (E)g), ipe W''-P{X, g), and Vl{uj, ip) = a. 

Proof. Assertions (ii) and (iii) follow from Theorem 13.111 and Remark l3.10l (To 
obtain global iy'^'''-regularity one sums up estimates on compact domains - with 
and without boundary - exhausting X.) To prove (i) we combine Theorems l3.11l 
and l3.13l with a cutoff function argument to obtain the estimate 

ll"llw"=.p(x) - c(||2?Aa|lvv^fc-i,p(x) + l|Q^llM/fc-i,p(K)) (68) 

for a sufficiently large compact subset K C X. (See [5] P-50], or |25j for the 
case X = RxY,k = Q, and p = 2). This estimate shows that has a finite 
dimensional kernel and a closed image. (See for example '21' Lemma A. 1.1].) 
By (iii) the cokernel of Va agrees with the kernel of V]^. Since satisfies 
a similar estimate as (|68l) . it follows that the cokernel is finite dimensional as 
well. Hence Va and I?^ ^-re Fredholm operators. By (ii) and (iii), their Fredholm 
indices add up to zero and are independent of k and p. That they depend only 
on the homotopy class of A follows from the stability properties of the Fredholm 
index. □ 

In the case dX = the space of connections satisfying ([61]) is convex and so 
the index of 2?a depends only on the limit connections Aj . The change of the 
index under gauge transformations on Yj depends on the degrees of the gauge 
transformations. By contrast, in the case dX ^ and dVj ^ the space of 
gauge transformations on Yj is connected, but the Lagrangian submanifolds Ct 
have nontrivial fundamental groups. So the index of I?a also depends on the 
homotopy classes of the paths in Ci that are given by Ajax ■ 
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Weighted theory 

In order to deal with reducible critical points we set up a refined Fredholm 
theory on weighted Sobolev spaces. Fix small nonzero real numbers i5i, . . . ,(5„ 
and choose a smooth function w : X ^ {0, oo) such that on all tubular ends 

w{Lj{s,y)) ^ e^'" fors>l, 

w is independent of y € for s e [0, 1], and w = 1 on the complement. We 
introduce the weighted spaces 

W^^J{X,T*X(g)2) -.^{a-.X^ T*X(g)g\ wa £ W^-^{X,T*X (g) g)} , 

and similarly for Wg'^{X,g) and W^'P{X,A'^'+T*X (g g). The function w does 
not appear in the notation because the spaces only depend on the choice of 
the Sj. The weighted inner product on Lg{X, T*X (g) q) is 



(a, /3)i2 / A */3), 



2 / 

w 

X 

and similarly for Ll{X, g). The adjoint operator of dA with respect to these two 
inner products is given by 

d;^* -.^w-Wlw^ : W'j{X,T*X®g) ^ w'^-'-'^{X,q). 

It has the form (a, ^p) i— *■ d\a — Vs(/? — 25jip on the tubular ends. Wc will be 
using the following generalized Hodge decomposition. 

Lemma 6.8. Let k he a positive integer and p > 1 and suppose A e A{X,C) 
satisfies \61]) . Then the operator 

dfdA:<r'^(X,0)^M^,'=-i'^(X,0) 

with domain w'l'^^"^ {X,q) :— G Wg^^'^{X,g) | * dA^lax — 0} is bijective 
and there is a Hodge decomposition 

W^lliX, T*X 0) = kerd;-*' ® dAW^+^'^^iX, g), 

Proof. This Hodge decomposition is standard (see e.g. [31 Section 4.3]) except 
for the boundary conditions. The two subspaces do not intersect since 

(dA^,a)i2 - (^,d*'''a)i2 = / w'^{^,*a) = 
' ' Jdx 

for all a G W^'g{X, T*X (g) g). Assuming the operator d^'^dA is bijective we ob- 
tain the Hodge decomposition of /3 G W^'g{X, T*X(g)0) by solving the Neumann 
problem 

d^'^dA^ = d*A^P: *dA£,\dx = 
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for ^ G Wg'^^'^ {X, 2). Since cIaC satisfies the Lagrangian boundary condition 
we have a := /3 - dA^ G W^-^{X, T*X (g) g). 

To prove that the operator d2''^dA is bijective we work with the weight func- 
tion w = : X ^ (0,00) given by V{s) = 6jS on the tubular ends. Since w 
has normal derivative zero the function ^' := G W''~^^'P{X,g) satisfies the 
boundary condition *dA^'|ax = whenever ^ does. On the tubular ends we 
have 

wd^'''dAW"^ = d^AAj - VsVj + (5|. 

This operator is bijective on W^'^^'^{M. xYj,2) since it is Fredholm, symmetric, 
and positive definite. So, as in the proof of Theorem 16.71 one can use a cutoff 
function argument to show that d2'''dA is a Fredholm operator. Partial integra- 
tion then shows that its kernel and cokernel are equal to the kernel of dA. To 
prove that the kernel is zero let ^ G W^'^^'^{X,2) with dA^ = and assume 
w.l.o.g. that A is in temporal gauge on the tubular ends. Then on each tubular 
end we have ds£,j = 0, hence = by the decay condition, and hence ^ = 0. 
This proves the lemma. □ 

Every connection A G A{X, C) that satisfies (1611) determines a differential 
operator 

Va,s ■■ W^'PiX,T*Xg)2) ^ W^-''PiX,A^-+T*X^2) x W^'''P{X,2) 
given by 

'C'Aja := ((dAa + dX/(A)a)+, -d^'^a). 
Different choices of w with the same Sj give rise to compact perturbations 

of I?A,A-. 

Theorem 6.9. For j ^ 1, . . . ,n let Aj e A{Yj,C) and A G A{X, C) such that 
+ Xf. (Aj) — and A G A{X, C) satisfies \61\) . Then the following holds. 

(i) The operator Vj^^g is Fredholm for every integer k > I, every p > 1, and 
every n-tuple of sufficiently small nonzero real numbers 61, . . . ,Sn- 

(ii) The Fredholm index of I?a,(5 is independent of k and p; it depends only on 
the signs of the Sj and on the homotopy class of A subject to i61]) . 

(iii) // the limit connections Aj are all nondegenerate and irreducible, then 
index2?A,5 = index I?a- 

(iv) // the limit connections Aj are all nondegenerate and A satisfies I160\) then 
the cokernel ofVf^ s is independent of the weight function (up to natural iso- 
morphisms) as long as the \Sj\ are sufficiently small. 

Proof. The operator w'Da,s'w^^ differs from I?a by a zeroth order perturbation 
which makes the operators on the tubular ends invertible. Hence assertions (i-iii) 
follow by adapting the proof of Theorem 16.71 to the present case. To prove (iv) 
we observe that the restriction of the second component d^' of Pa, 5 to the image 
of dA is surjective and, when A satisfies (|60p. the image of dA is contained in the 
kernel of the first component (dA -I- dXy(A))+ of I?a,5- Hence every element in 
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the cokernel of Pa, 5 has the form (?7,0). Moreover, {r],0) belongs to the kernel 
of the adjoint operator I?^ s (with respect to the L^-inner product determined 
by w) if and only if rj = w^'^Ci where 

w^-^Ce W^~''P(X,A2'+T*X®0), (dA + dXy(A))*C = 0. (69) 

The subscript in W^~^'^ indicates the dual boundary condition. It follows from 
linear exponential decay in Theorem 15.91 that every solution C of ([55)1 decays 
exponentially. Hence the space of solutions of ([M)) is independent of the choice 
of the weight function w as long as the \6j\ are sufficiently small. This proves 
the theorem. □ 

Remark 6.10. (i) The linearized operator is gauge equivariant in the sense 
that 'Du*A,siu~'^au) = u~^{'DA,sa)u for all a € W^'g{X, T*X(g)Q) and all gauge 
transfomations u £ G{X) that satisfy uo lj = Uj E G{Yj). 

(ii) In contrast to Theorem 16.91 (iv), the kernel of V^.s is not independent of 
the sign of the 6j unless the Aj are also irreducible. 

(iii) On a tube X = IR x F we will use weight functions of the form 

w{s,y) ^exp{V{s)) (70) 

with V G C°°(R) such that V{s) = ±Ss for ±s > 1 (i.e. Si = S2 =: S > 0). Then 
2?A,(5 can - as in Section [3]- be identified with the operator 

Va,s ■■ W^1>^(K X y, T*r ® 0) X W^-P{R X Y, g) 

^ Wg-^'^'iR X y,T*r ® 0) X W^-^'P{R X Y,g) (71) 

given by 

Va^s V, + HAis) + ( 2A ) ' ^ 
The formal i^-adjoint operator of I?a.(S has the form 

2^1,5 (a, V') := + ^A(s) - (^'^Q 

(iv) The operator ([7T|l is conjugate to the operator 

wT>A,sw^^ = \Is + Ua(s) - I\(s), ( - A ) ' ^'^^^ 

on the unweighted Sobolev spaces. By Theorem 16.91 (iv) and its proof, this 
operator is surjective if and only if the operator Vs + 'Ha(s) ~ Is is surjective, 

provided (5 e M \ {0} is sufficiently small and A g M^{A^,A^]Xf) is a Floer 
connecting trajectory with nondegenerate ends. 
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The nonlinear setup 

In the remainder of this section we fix the constants Si = ■ ■ ■ = = S > 0. 
Then the operators X'A.a have the following significance for the study of the 
moduli space M{Ai, . . . , An] X f). Let A G M{Ai, . . . , An- X f) and suppose 
that I?A,(5 is surjective. If the Aj are all nondegenerate and irreducible and 
(5 = 0, then Ai(Ai, . . . ,An;Xf) is a smooth manifold near [A] whose tangent 
space is the kernel of 2?a = 'Da,s- In general, the kernel of T>a,s is the tangent 
space of the quotient 

MoiAi, An;Xf) := M{Ai, An;Xf)/go{X), 

where GoiX) denotes the group of gauge transformations u e G{X) that satisfy 
uo Lj = 1 for every j. Hence the dimension of A4{Ai, . . . , An, Xj) is equal to 

n 

Sf{A) := indexX>A,5 - ^dimiJ^^. (73) 

(This agrees with the notation in Theorem 16.71 ) To prove these assertions one 
can set up the nonlinear theory as follows. Fix an integer fc > 1 and a real 
number p > 2. Associated to a tuple Aj g A{Yj, C), j = 1, . . . ,n, of critical 
points of the perturbed Chern-Simons functionals is a Banach manifold 



As-''{X,£;Ai,...,An) := <; A = Ao + a 



a e Ws'P{X,T*X^9) 



(74) 



where Aq G A{X,C) is a reference connection satisfying i*Ao = Aj for all j. 
The tangent space of Ag'^{X, C; Ai, . . . , An) is 

Ta^^'^(X, £; Ai, . . . , An) = {a e I^^^(X, T*X (g> q) \ T*^a € T^.^aA}- 



Banach submanifold charts for Ag''^iX, C;Ai... An) C Aq + Wg''^{X, T*X » q) 
can be constructed with the help of the Banach submanifold coordinates for 
£i C A^'P{T,i) in [34, Lemma 4.3] (see Appendix IE)) . The gauge group 

gk+i.Pf^^^ := (m : X ^ G u-^du S Wg'P{X,2), lim u o = 111 (75) 

acts freely on Ag''^{X,£;Ai,...,An)- Its Lie algebra is the Banach space 
Wg+^'P{X,g) and the quotient Ag'^ (X , C; Ai , . . . , A„)/^5^+^'P(X) is a Banach 
manifold. There is a gauge equivariant smooth map 

4'P(X, £; Ai, . . . , An) ^ W^^P{X, A^'+T*X ^s):A^{Fa + Xf{A))+ 

and the moduli space Mo{Ai, . . . , An] Xj) can be identified with the quotient 
of the zero set of this map by the action of Gg^^'^ {^)- The operator I?a,(5 arises 
from linearizing this setup in a local slice of the gauge group action and hence, 
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if this operator is surjective, it follows from the implicit function theorem that 
0(^1 J • ■ • J An', Xf) is a smooth manifold near A, whose tangent space can be 
identified with the kernel of 'Da,5- The isotropy group Gai x • • • x Qj^^ still 
acts on Mo{Ai, . . . , A„; X/) and the quotient by this action is the moduli space 
Ai{Ai, . . . , An] Xf). If all limit connections Aj are irreducible then the action 
is free, so the moduli space is smooth. 



The spectral flow 

We now specialize to the case X := R x y and establish index identities for 
the linearized operator. The main results are Theorem 16.111 and Corollary 16. 141 
below. They will be proven by identifying the index with a spectral flow. 

We fix a gauge invariant, monontone Lagrangian submanifold C C A{dY) 
satisfying (Ll-2) on page [7] such that the zero connection is contained in £ and 
is nondegenerate. Choose a perturbation hf : A{Y) — > R as in the introduction 
with a conjugation invariant function / : Dx — > R. Then the zero connection 
is a (nondegenerate) critical point of the perturbed Chern-Simons functional. 
For A e Crit(C5£ + hf) and a path B : [0, 1] £ from B(0) = A|s to 
B{1) = we define an integer iJ,f{A,B) as follows. Choose a smooth path 
A : [0, 1] A{Y, C) such that A{Q) = A, A{1) = 0, and A(s)|s = B{s). Define 



fif{A, B) := /ispcc + 4},g[o 1]) , 4 



e 
-e 



where /igpec denotes the upward spectral flow (see e.g. [25^ and Appendix |A]) 
and e > is sufficiently small. This integer is independent of the choice of 
the path A and the constant e used to define it. (The space of paths A with 
fixed endpoints and boundary values is in fact convex. Moreover, the kernel 
ker Ha = H\ j x iJ^ sphts at the endpoints A = A(0), A(l) by PropositionlSH) 
The significance of the following theorem is that the index resp. local di- 
mension of the moduli space Ai{A~ , A^) is determined modulo 8 by the limit 
connections A^ , . 

Theorem 6.11. (i) Let A^ e A{Y,C) be critical points of CSc + hf and 

A G ^(R X Y) be the connection associated to a smooth path A : M. A{Y, C) 
with limits 

.i!g.ll^-^^llc^(,-M+i]x.)-0- (76) 

Choose paths B^ : [0, 1] ^ £ from B^{0) = A^\^ to B^{1) = such that B~ 
is homotopic to the catenation of the path R £ : s i~-> yl(s)|x; with B^ . Then 

indexI?A,5 = Aispcc({WA(s) - ^Hs)} ^^^) 

and 

Sf{A) := indexI?A.(5 — dim_ff^_ — dim_ff^+ 

fif{A- , B-) ^ fj.f{A+ , B+) - dim H^- - dim H\+ j. 
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(ii) If A G A{Y,C) is a critical point of CSc + hf o,nd B : [0,1] ^ £ is a 
path from B(0) = Ajs to B{1) = 0, then for every loop u : [0, 1] — > with 
u{0) = u(l) = 1 

tJ.f{A,B) - fif{A,u*B) = 8degM. 

Proof. Multiplication by w defines an isomor phism Wg'P W^'P, so Va.s has 
the same index as the operator wD f^,sw^^ on W^^'^'(Kxy,T*(Rxr)(^0). Hence, 
by ([7^ and Theorem IA.41 the index of the operator 2?a,(5 is given by 

index(X'A,5) = A*spoc({Wa(s) - h(s)] 

= A*spoc({Wa(s) + -^^IsgR) - dim H\+ J + dim H\+. 

Here A :— dsV : M ^ R satisfies A(s) = —5 for s < — 1 and A(s) — 6 for 
s > 1. The second equation follows from a homotopy argument. Namely, the 
path 7i^(s) — I\(s) is homotopic to the catenation of the path 7iyi(s) + Is with 
Ti.j^+ — I\{s) ■ Now the catenation of the path 7iyi(s) + with the path in the 
definition of fif{A'^ , yields a path homotopic to the one in the definition of 
IJLf{A~,B~). (By assumption the paths are homotopic over the boundary dY, 
and this homotopy can be extended to the interior.) Hence 

i^M- ,B-) = ^l,^,,{{nA(s) + le) ^^^) + i^f{A+ ,B+). 

For (5 > sufficiently small we can choose e — 5 and obtain 

lif{A- ,B-) - iif{A+ ,B+) = indexpA.s) - dim H\+ + dim H\+ j. 
This proves (i). 

To prove (ii) choose a path A{s) : [0, 1] AiY, L) with A(0) = A, A{1) = 0, 
and B{s) = A{s)\-£.- By homotopy invariance we may assume that A{s) = 
for s > 1/2. Now let u : [0,1] g{E) be a loop with u(0) = m(1) = 1 
and choose a path A' : [0,1] ^ AiY,C) such that A'(0) = A, yl'(l) = 
and A'{s)\s = u{s)*B{s). Assume w.l.o.g. that u{s) — 1 and A'{s) = A{s) 
for s < 1/2. Then the spectral flow of the path 'Ha'{s) + le on the interval 
< s < 1/2 is equal to ^f{A,B). On the other hand, by Theorem IA.5I and a 
homotopy from Ha' +Ie to Ha', the spectral flow on the interval l/2<s<lis 
equal to index(I?i^A) for a connection A = u'^du e A{S^ x Y, C) on the bundle 
Pi in the notation of Section |4l Here u E G{S^ x Y) is homotopic to u on 
[1/2, 1] X F and identically 1 on the complement. Hence 

Ai/(AS)-M/(A«*B) =-Mspcc({Wa'(.) +4}i/2<,<i) 

= -index(I?]i,A) = 8deg(]l,A) = 8deg(ii). 

Here the third identity follows from Theorem 14.31 (ii) and the last from Re- 
mark (iii)- This proves the theorem. □ 

For every critical point A S A{Y,£) of the perturbed Chern-Simons func- 
tional we define the real number r]f(A) by 

T^fiA) := ^ifiA, S) - A {CS{A, B) + hf{A)) , 
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where B : [0, 1] ^ £ is a path from B{Q) = A\s to = 0, and CS{A,B) 

denotes the value of the Chern-Simons functional for the connection given by A 
and B. 

Corollary 6.12. (i) The spectral flow {A^ B) i— s- fj,f(A,B) descends to a circle 
valued function fif -T^f ~^ Z/8Z. 

(ii) The function rjf : Crit(CiS£ + /ly) — > R is well defined and descends to a real 
valued function onTZj. 

Proof. Lemma 12.41 (iii), the homotopy invariance of the spectral flow, and The- 
orem [6lTT] (ii) imply that ^f{A,B) G Z/8Z is independent of the choice of B. 
Given a gauge transformation u S G{Y) we can connect it to the identity by 
a smooth path u : [0, 1] g{Y) from u(0) = it to {t(l) = 1. Let A : [0, 1] 
A{Y,£) be the path in the definition of Hf{A,B), then fif{u* A, {u\oy)* B) is 
defined as the spectral flow along the path s i-^ u{s)*A{s) and hence, by the 
gauge equivariance of the Hessian, 

^lf{A,B)^^if{u*A, {uldYTB). 

This proves (i). That ?7/ is well defined (i.e. independent of the choice of B) 
follows from Lemma [Z4l and Theorem l6.11l (ii). To see that rjf is gauge invariant 
it remains to check that 

CS{A, B) = CS{u*A, {u\dY)*B). 

This follows from the same argument as Lemma [2.41 fiv). Namely, CS{A,B) is 
the Chern-Simons functional on F = F U ([0, 1] x E) of a connection A given by 
A and B. The connection given by u*A and {u\qy)*B is u*A, where the gauge 
transformation u G QiX) is given by u and It satisfies u\qy = 1 and 

has degree zero since a homotopy to l is given by combining u{a) on Y with 
s ^ u{s 4- (1 — s)a)\dY on [0, 1] x E. Hence the equality of the Chern-Simons 
functionals follows from the analogon of ([5|) for manifolds with boundary and 
gauge transformations that are trivial on the boundary. □ 

Remark 6.13. The function {f,A) ^ Vfi^) is continuous on the space of 
nondegenerate pairs {f,A). To see this note that the dimension of iJ^ cannot 
jump, by Remark 13.81 and hence one can locally work with the same constant 
e > for the definition of /i/ in a neighbourhood of a pair (/, A). 

We can now state further index identities. The monotonicity formula in (i) 
below - a linear relationship between index and energy - will be central for 
excluding bubbling effects. 

Corollary 6.14. (i) Let A € yl(Rx Y) be the connection associated to a smooth 
solution A : R A{Y, C) of {I^P- Suppose that it satisfies |y6p with the critical 
points A^ e A{Y,C) of CSc + hf. Then 

Sf{A) = ^Ef{A) + r,f{A-) - r,f{A+) - dim - dim H\^j. 
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(ii) If A, A' : R — > A(Y, C) are paths connecting A to B, respectively B to A"*", 
then the index of their catenation is given by 

5f(h.#M) = Sf{A) + Sf{A') + dim + dim Hj^j. 

(iii) // A : R ^ A{Y,C) is a self-connecting path with limits A^ = =: 
and s 1-^- yl(s)|x; is homotopic to s t—^ u(s)*Aq\y: for m : R — > with 
u(±oo) = 1, then 

Sf{A)^ 8deg(u) - dim - dim H^^j. 

Proof. Assertions (ii) and (iii) follow immediately from Theorem lG.llI Assertion 
(i) follows from the definition of 77/, Theorem 16.111 and the following energy 
identity. For a path A : R ^ A{Y, C) satisfying 

dsA^~*{FA+Xf{A)) 

choose paths : [0, 1] ^ £ from B±(0) A±|s to B±(l) = such that B^ 
is homotopic to the catenation of A(s)|e with _B+. Then 



-Ef{A)= / / {d,AA{FA + Xf{A)))ds 

JR JY 



+ ^ljAAdsA) + §;hf{A)^ds 
= CS{A+,B+) + hf{A+) - CS{A-,B-) - hf{A-). 
Here the second equation follows from ^ and the fact that 

2 j^{FAhdsA) ^ j^-^^({AhdA)+'^{AA[AAA]))+ j^^{AAdsA). 

The last identity follows from the C^-convergence of A for s — + ±00. Since B~ 
is homotopic (with fixed endpoints) to the catenation of Ajs with B"*", we have 

AhdsA)ds^ I I (B- hdsB-)ds - I I {B+ hdsB+)ds. 



(See the proof of Lemma 12.41 above for the invariance of this integral under 
homotopy.) This proves the corollary. □ 

Remark 6.15. Our notation for the indices is motivated by the following finite 
dimensional model. Let M be a Riemannian rt-manifold, G be a compact Lie 
group that acts on M by isometrics, and / : M — > R be a G-invariant Morse- 
Bott function. Associated to every critical point a; S M is a chain complex 

^ fl ^ T,M ^^"^ T.Af ^0^0, 
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where is the infinitesimal action of g and V^/(x) is the Hessian of / (see (HH)). 
We denote 

kerV^/(a:) 

vq{x) := dimkerLa;, vi{x) := dim — ; , ^J'■{,x) := indf(x), 

m\Lx 

that is is the number of negative eigenvalues of the Hessian and vo{x) is 
the dimension of the isotropy subgroup. Now the kernel of the Hessian has 
dimension vi{x) + dimG — vo{x), the unstable manifold W'^{x) of the orbit Gx 
has dimension + dimG — ^'0(2;), the stable manifold W^lx) of Ga; has di- 
mension n — fJ.{x) — h'i{x), and, in the tranverse case, the moduli space 

M{x~,x+) := Wix-) n W%x+)/G 

of connecting trajectories has dimension (compare with (|77p) 

6{x^ , x^) :— dim A^(a;^ ,x^)— iJ,{x^) — iJ,{x^) — 1^0(2; ) — i'i{x^). 



7 Compactness 



Let y be a compact oriented Riemannian 3- manifold with boundary dY ~ S and 
C C A(Ti) be a gauge invariant, monotone, irreducible Lagrangian submanifold 



satisfying (Ll-3) on page[71 Fix a collection of embeddings 7i : 
i = 1, . . . , m, as in Section [21 We use the notation 



int(r). 



MiA-,A+;Xf) 



G A'iR X Y) 



dsA - Aa^ + ^{Fa + Xf{A)) = 0, 
A(s)|se/: VsgR, 

Ej{k) < 00, lim,^±oo A{s) = A± 



for the space of Floer connecting trajectories associated to a perturbation / G 
C~(]D)xG")^ and two critical points y4± S A(Y,C) of CSc+hf. Here A'' (RxY) 
denotes the space of connections S = $ds + A onW x Y that are in temporal 
gauge outside of [—1,1] x Y, i.e. <i>(s) — for \s\ > 1. The corresponding 
gauge group Q{A^ , A'^) consists of all gauge transformations u : R ^ GiY) 



that satisfy u{s) 

by 



£ Qj^± for ±s > 1 and the quotient space will be denoted 



M{A-,A+-Xf) -.^ M{A- ,A+-Xf)/g{A- ,A+) 

The goal of this section is to establish compactness theorems for these moduli 
spaces. The proofs will be heavily based on the basic compactness results in 
|35[ I36j . We start with a summary of the compactness for uniformly bounded 
curvature. 

Proposition 7.1. Let E C°°(D x G™)*^ be a sequence that converges to 



m\G 



the -topology for some k > 1. Let 1^ C 



he 



sequence of open intervals such that L'^ C J'^+i for all v and denote I := [J^ L'^ . 
Let 'By = ^"As-V A" G A(l^ x y) he a sequence of solutions of the Floer equation 



d^A" - dA^^" + *{Fa^ + Xf.iA-")) = 0, A^(s)|s G C, 



(77) 
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such that the curvature {F^i'l is locally uniformly bounded. Then the following 
holds. 

(i) There exists a subsequence, still denoted by "Ey , and a sequence of gauge 
transformations G ^(/"^ x Y) such that {u'^)*'E.'^ converges in the topology 
on every compact subset of I xY. 

(ii) There exists a subsequence, still denoted by "By , and a sequence of gauge 
transformations € Q{I'^ x Y) such that (v^yEy is in temporal gauge and 
converges in the C^^^ topology on every compact subset of I x Y . 

(iii) In both cases, the limit e A{I x Y) of the subsequence can be chosen 
smooth and it satisfies ^7T\ I with replaced by /°° . 

Proof. In a neighbourhood of the boundary / x dY, where the perturbations 
vanish, compactness for anti-self-dual connections with Lagrangian boundary 
conditions was established in [35l Theorem B]. The interior compactness fol- 
lows from standard techniques (e.g. [10], [33]) and Remark ID. 21 The crucial 
point in the bootstrapping argument is that a W^''''P-bound on im- 
phes a VF'^'P-bound on Xf«{{u'')*E'^) and hence on F^^y~^. (The constant in 

the VF'^'^-estimate of Proposition lD.il (iii) depends continuously on / e C^^^.) 
Combining these two compactness results via a general patching procedure as 
in [To] Lemma 4.4.5] or [33] Proposition 7.6] we deduce that, for a suitable 
subsequence and choice of u'^ , the sequence {u'^yE" is bounded in W''~^^'P{K) 
for every compact subset K C I x Y and a fixed p > 4, and hence has a, C'^ 
convergent subsequence. A diagonal argument then proves (i). 

To prove (ii) we write 5'' :— {u'^)*E'^ =: $''ds -I- A'^ where u'^ is as in (i). 
Then S"^ is bounded in VK'^+^'P on every compact subset of / x F. Define 
v"^ : /"^ X y ^ G as the unique solution of the differential equation 

dsv"" + ^"v" = 0, v^iO) = L 

Then v'^ is bounded in W'^^^'P on every compact subset of / x y. (To check 
this use the identity ds{v~^dv) = — u~^$u.) Hence {v'')*E'^ = {u^v^)*E'^ is in 
temporal gauge and is bounded in W'^'^ on every compact subset of / x F. The 
compact embeddings W'''P{K) > C'^^^{K) together with a diagonal argument 
then prove (ii). 

The regularity of the limit can be achieved by a further gauge trans- 
formation. That E!°° solves ((77|) follows from the fact that these equations are 
gauge invariant and preserved under weak W'^'^ convergence. □ 

The following is the most general compactness result for bounded energy. 

Theorem 7.2. Let / e C°°(D x G™)^ be a perturbation such that every critical 
point ofCSc + hf IS nondegenerate. Let f € C°°(B x G™)^ be a sequence that 
converges to f in the C^+'^ -topology and let ^(^"As + A" ^ M{A'L , A\; X f^) 
be a sequence of Floer connecting trajectories with bounded energy 

supEf.iE") = sup [ IdsA"" - d^.*"^!^ < C50. 
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Fix p > I and suppose that A'^ converges to A^ e Grit{C Sc + hf) in the 
topology. Then there is a subsequence, still denoted by "By , critical points 
Bq, . . . , Bi e Crit(CiS£ + hf) with Bq = A^ , Bg = j4+, and Floer connecting 
trajectories e M{Bi^i, Bi; X j) for i = !,...,£, such that S'' converges to 
the broken trajectory (Si, . . . ,S^) in the following sense. 

For every i € {!,...,£} there is a sequence €: M and a sequence of gauge 
transformations u'( G CJ(R x Y) such that the sequence s t-^ ((it^)*2'^)(s + s^) 
converges to in the W^'^ -norm on every compact subset ofM.xY\Zi. Here 
Zi d R X Y is the bubbling locus consisting of finitely many interior points and 
finitely many boundary slices; it is nonempty whenever has zero energy. 
The broken trajectory (Si, . . . ,S^) has energy and index 

I 

Y,Ef{E,)< lim Ef.{En, 
Y,Sf{E,)+J2dimHl < lim 5/.(S^) 

i=l 4=1 

// supj^ ll^H^lli"" < oo then there is no bubbling (i.e. Zi = $ for all i), equality 
holds in {7^ , and {u'^)*E^ converges in the topology on every compact set. 
If sup ^ ||fH"||L°° — oo then there is bubbling (i.e. Zi ^ % for some i) and 

t 

Y,Ef{E,)< lim £;/.(S'0-47^^ 

^ — ^ I/— »oo 

i=l 

e e-1 

i=l i=l 

Remark 7.3. The assumption that A'^ converges in the topology always 
holds for a subsequence in a suitable gauge, by Proposition 13. 71 

Proof of Theorem \7.S\ Replacing the uniform bound on the curvature in Propo- 
sition [TTT] by an energy bound on E'^ allows for bubbling. For the (unperturbed) 
anti-self-duality equation with Lagrangian boundary conditions this was dealt 
with in [351 Theorems 1.2,1.5], [23], and Section 3]; for the perturbed equa- 
tion in the interior the (well known) result is Theorem ID. 41 Combining these 
one essentially obtains the same basic compactness theorem as for anti-self- 
dual connections (see [9] Proposition 2.1]). A minor difference is that - due 
to the holonomy perturbations - we obtain convergence in the W^^'^-norm for 
any p > 1 rather than in the C°°-topology; so [51 Proposition 2.1 (1)] is re- 
placed by VF^'P-convergence. The crucial difference is in the knowledge about 
the bubbling phenomenon. First, the finite set {a;i, . . . C M x F of bub- 
bling points is replaced by a more general bubbling locus Z cM.xY consisting 
of finitely many interior points and finitely many boundary slices {s} x dY . 
On the complement of Z, one has local L^-bounds on the curvature. Second, 
we do not have a geometric description of the bubbles (after rescaling) or the 
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(78) 



(79) 



precise quantum 47r^ for the energy concentration. There is however a univer- 
sal constant h > that is a lower bound for the energy concentration at each 
component of the bubbling locus Z; so [HI Proposition 2.1 (2)] is replaced by 
Jjj \Fa + Xf{A)\^ < limsup^,^^ Jjj \Fa^, + - where £ is the 

number of points and boundary slices in Z. 

The second source of noncompactness, the splitting of trajectories, is the 
same as for the usual Floer theories. With the exponential decay results of Sec- 
tion [5] and the modified basic compactness above, one can adapt the discussion 
in [21 Chapter 5.1] to prove the convergence to a broken trajectory. In particu- 
lar, exponential decay holds for sufficiently C^-close perturbations with uniform 
constants (see Theorem 18.31 for the nondegeneracy and Proposition ID. II (v) for 
the constants). More precisely we argue as follows. 

Throughout we denote the perturbed Yang-Mills energy of E'^ on I x Y by 

Passing to a subsequence we may assume that bubbling occurs only for finitely 
many sequences tj", j — 1, . . . , m, with 

hj := lim lim [f" ^5X + S\)>h. 

In particular, the limits exist. The sequences are chosen such that i^^-^ — <^ > 
and that these differences converge either to a positive number or to infinity. 
We may also assume that the curvature of 'Ey is uniformly bounded on the 
complement of the sets [ij — (5, tj" + (5] x y for every (5 > and that the following 
limits exist: 

£0 := lim lim Ef.i~y\ {-oo,t\ - 5]), 

e, := lim lim Ej. (S''; [i- + 5, J]), j = 1, . . . , m - 1, 

£,„ := lim lim Ef^lE"; [f^^ +(5, oo)). 

(5— >0 >oo 

Then 

lim Efu CEy) = £o + fti + ei H V + £m- 

Next we choose a constant £ > smaller than the constant in Theorem 1 5 . 31 and 
smaller than h. Following 9, 5.1] wc choose the sj' e R inductively such that 

Ef.iE'^- (-00, s^]) = |, Ef.{E'^- [<, <_,!]) = Ej{E,) + J2 h„ 

where S, is the limit of the sequence S''(s^ + •) modulo gauge and bubbling 
and Ji C {1, . . . , m} denotes the set of all j such that the sequence tj — is 
bounded. This choice guarantees that s'^^^ — ^ oo for all i, that {1, . . . , m} 
is the disjoint union of the Ji, and that Ji ^% whenever has zero energy. By 
Theorem 15.31 (applied to a temporal gauge of the E^ on intervals [sj' 4- T, sj!^i] 
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with energy less than e) the positive end of is gauge equivalent (and hence 
w.l.o.g. equal to) the negative end of 2i+i, the negative end of Si is A~ , and 
the positive end of is A+. The total energy of the broken trajectory is 

t m m 

Ef {E,) = Y.^,^ Jim Ef. (S'O -Y^h,. (80) 

i=l j=0 " °° j = l 

If the curvature is bounded then m = and all bubbling loci Z,; are empty. 
In this case the energy identity is ([50)1 and the index identity follows from the 
monotonicity formula in Corollary 16.141 (i). If the curvature blows up then 
TO > 1, hence ^ for some i, and we obtain the strict inequality 

^5/(S,) +5^dimiJ«^_^ =Y(^Ef{E,)+^f{B,^,)-r^f{BS) 

1=1 i=l 1=1 ^ ^ 

< \h-n(^Ef.{En+VfAA''^)~Vf^{A-+) 

= lim Sf.iE") + dim H°... 

Here the first step follows from Corollarv l6.14l fi). the second step uses ([80)) and 
the continuity of the function (/, A) ^ Vfi^) (see Remark I6.13p . and the last 
step uses CoroUarv 16.141 (ii) and dimiJ^,^ = dimi?^_ for i' sufficiently large 

(see Remark 13. 8p . Each side of our inequality has the form (5/(S) + dimiJ^_ 
for a suitable path S running from A" to A+. For the left hand side, by 
Corollarv 16.141 (ii), S can be chosen as the catenation of the and for the 
right hand side as a small deformation of for v sufficiently large. Since the 
inequality is strict it follows from Theorem 16. Ill fi) and Corollarv l6. 121 that the 
defect is at least 8. Using monotonicity again we obtain an energy gap of at 
least 47r^. This proves the theorem. □ 

A first consequence of the compactness and index identities is that we can 
exclude bubbling in certain moduli spaces by transversality. 



Corollary 7.4. Suppose that the sequence of solutions in Theorem ] 7. 2\ has index 

Suppose that either bubbling occurs or one of the limit trajectories is a self- 
connecting trajectory of [Bi_i\ = [Bi] — [0]. Then one of the limit trajectories 
Ej must have negative index df{Ej) < and at least one of its endpoints -Bj-i 
or Bj is not gauge equivalent to the trivial connection. 

Proof. Every nontrivial self-connecting trajectory S,j of [0] has index Sf{Ei) > 5 
by Corollary [nm with Ef{Ei) = 47r2 deg(M) > 0. It also adds dimiJj^j = 3 to 
the sum of indices. So to achieve a sum < 7, one of the other indices must be 
negative. A trivial self-connecting trajectory of [0] has index —3 but also adds 
another dimH^^^ = 3 to the sum of indices. Hence there must be a trajectory 
with negative index and at least one nontrivial end. The same holds in the 
bubbhng case by ([79)) . □ 
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We will refine the compactness theorem in two special cases. First we con- 
sider the case of no breaking and no bubbling in which we obtain actual com- 
pactness of moduli spaces. 

Theorem 7.5. Fix a constant p > I. Let f,^ be as in Theorem \ 7. 2\ and 
£ A{Y,£) such that Fa± + Xf,.{A^) = for all v. Then there is a 6 > 
such that the following holds. IfE.^ M.{A~ , A'^ ; X f) and, for each v, 'Ey is a 
solution of |7?1 ) that is gauge equivalent to an element of Ai{A~ , A'^ ; X fv) such 
that "Ey converges to S in the topology on compact sets and 

Ef{E)^ lim Ef.iEn, 

then there exists a sequence of gauge transformations u"^ £ Q {M x Y) such that 
{u^yEy converges to E in Wg'^{R x Y). 

Proof. Note that, by contradiction, it suffices to prove the convergence state- 
ment for a subsequence. For that purpose we choose v'^ € G{Rx Y) such that 

E" := {v^yE" e M{A-,A+;Xf.). 

In particular, E^ =: <b^ds + A'' is in temporal gauge outside of [—1, 1] x Y. Fix 
a constant £ > smaller than the constant in Corollary 15.41 and note that the 
exponential C*^ estimate in Corollarv 15.41 holds with uniform constants 5q := 
S > and Co := Ck in a sufficiently small C'^"'"^ neighborhood of /. We write 
E = $ds -|- A and choose Tq > such that 



r I \dsA^dA^^>Ef{E)-e. 

J -To Jy 



Since E'^ — ^'^ds ~\- A'^ converges in the norm on compact sets we have 

J -To JY -I -To JY 



and thus E{E''] (— oo,ro]) + E^^i"; [ro,oo)) < e for sufficiently large v > v^. 
Hence it follows from Corollarv 15.41 that 



- ^1U([.oo)xr) < Coe-^°(-^°)i?(S- [To,oo)), 
- \W-oo,-sy.Y) < Coe-^-«(-^«'i?(S- (-0O, -To]) 

for s > To -I- 1 and v > vi^. The same estimate holds with A'^ replaced by A. 
Now fix a constant Q < 5 < 5q. Then there exists a constant C (depending on 
Co, 5, 5q, k, and p) such that 

II" ^\\w^'''{{S.\[-T.T])xY) - ^'^ 

for T > To -|- 1 and i' > vq. 
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Next, fix a sequence p„ ^ and choose T„ — cx3 so that Tn > Tq + I and 

2 ■ 

For fixed ?i G N note that both S"^ and S'' = {v'^)*E'^ converge to S in the C'' 
norm on [T„, r„ + 1] x y and on [— — 1, — T„] x F. Using the identity 

{v^y^dv" ^E" - {vT^E'^v'' (81) 

we thus inductively obtain bounds on in C''+^((±[T„, r„ + 1]) x F). Then, by 
a compact Sobolev embedding, we find a subsequence lim£^oo i^ni^) = oo such 
that v''"'^^^\(^±[T„,T„+i])xY converges in the C'' norm. Again using (|5T|) 

we see that this convergence is in fact in the C''^^ norm. On these domains we 
moreover have 

||(«n)*2- 5||g, = hm ||(w'')*S-5|| , 

< lim(||K)*S^-S||^, + ||K)-i(5''-S)«'^||^,) = 0. 

^QQ Ml 111.- II V /IH^/ 

First, this implies that E G{Y) is independent of s € ^[Tn, Tn + 1]. Secondly, 
by unique continuation (Proposition 18. 6| ). it implies (t;^)*S — S and hence the 
limits G Qa± must lie in the stabilizer of the limit connections. Now we 
can define the gauge transformations uf^ e Q{R x Y) by uf^ — v'^'^'^^^v^)"^ 
for ±s > T„ + 1, by < = 11 for \s\ < T„, and, for s e ±[r„,T„ + 1], by an 
interpolation which satisfies d{u^, Tjck+i i^(^±[t„ ,Tn+i]) xY) ^ as € ^ oo. With 
this choice we have 

\\\"-n) ^ "llw]='''((R\[-T„-l,T„ + l])xY) - 2 

from the exponential decay, as before for {v'')*E'^ , and 

||VU„; ^ "||H/fc.p([_T„-l,T„ + l])xy) - 2 

for all sufficiently large £ > Ln, from the convergence of E"^ and on compact 
subsets. Now we can pick in > Ln so large that Vn ■= Vn{in) — > oo and 
||(u''")*S''" — E\\y^k,p^^^Y) 1^ Pn ^ 0. This proves the theorem. □ 



Corollary 7.6. Let hf be a regular perturbation in the sense of Definition 1 8. 2\ 
and let A'^ , e A{Y,C) be nondegenerate and irreducible critical points of 
CSc + fif. Tlien M^{A- ,A+\Xf)/R is compact and hence is a finite set. 

Proof. Assume by contradiction that there is a sequence of distinct points 
[E'^] E Ai^{A~ ,A^; X/)/M. These solutions have index 1 and hence fixed energy 
by Corollarv l6.14l fi). By Theorem l7.2l we can pick a subsequence and represen- 
tatives E'^'' that converge to a broken trajectory (Si, . . . , E^) modulo bubbling. 
By transversality we do not have solutions of negative index, so Corollary 17.41 
implies that there is no bubbling, and the index identity in Theorem 17.21 implies 
that £ = I. Now Theorem 17.51 implies that E'^'' converges to Si in the Wg'^- 
norm. Since Ai^ {A^ , A'^ ; X f) /M. is a 0- manifold this implies that E'^'' is gauge 
equivalent to a time-shift of Si in contradiction to the assumption. □ 
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Finally we refine the compactness theorem in the case when bubbling is 
excluded but breaking can take place. The precise convergence statement here 
will be important for the gluing theory. 

Theorem 7.7. Fix a constant p > 1. Let f, , E'^ , , u'^ , and be as 

in the conclusion of Theorem \7.S\ and suppose that no bubbling occurs, i.e. the 
curvature oj "By is uniformly bounded, {{u'()*'Ey){s'( + •) converges to "Bi in the 
topology on compact sets, and 

I 

Y^EfiE,) = \im Ef.{En. (82) 

1=1 

Then the following holds. 

(i) IfD^i^s is surjective for i — 1, .... £ then so is 'De.'^ for v sufficiently large. 

(ii) // the set of critical points of CSc + hfu is independent of v then, after 
replacing the broken trajectory (Si, . . . , ) by a gauge equivalent one, and for 
a subsequence, there exists a sequence of gauge transformations u'^ Cz G (R x Y) 
such that 

Ji^^lK"")*^" ~ ^*(' ~ ^i^w^-pii-xY) for i^l,.. 

( (-oo,|4 + isr], ^ i = i, 

Proof. Fix a constant e > smaller than the constant of Theorem 15 . 31 and recall 
that the sequences s^ in Theorem 17.21 are chosen such that 

i?/.(S-(-oo,s5']) = e/2, i?;.(S-[<,s,JVi])-i?/(S.) (83) 

for v sufficiently large and i = !,...,£— 1. Since s'^^i — — > oo we have for 
any T > 

Ef. (E'^; [<, < + T]) + Ej. {E'^; - T, <+i]) < Ef. {E^; [<, <+i]) 

for large v. With v ^ oo this gives Ef{E^■, [0, T]) + Ef{E.,+i; [-T, 0]) < Ef{E^) 
and, by taking the limit T oo, Ef{Ei+i; (— oo,0]) < Ef{Ei; {—oo,0]). Hence 
Ef(Ei\ (— oo, 0]) < e/2 for all i. Choose ri, . . . , such that 

Ef{Ev,[^T,,T,])^EiiE,)-elA. 

Then Ef{E,- [0, t,]) > Ef{E,)~Ze/A and hence Ef.{E''- [<, <+t,]) > Ef{Ei)-e 
for V sufficiently large. Moreover, Efiy{E^\ [s^,oo)) converges to Ef{Ee) — e/2, 
by ([5^ and In summary we have for i = 0, . . . ,£ and ly sufficiently large 

{(-oo,Si], i = 0, 

[<+r.,<+i], z =!,...,£-!, (84) 
[s^+Tf,cx)), i^£. 
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Now choose gauge transformations on x Y such that {v^)*E'^ is in temporal 
gauge on Jf x Y. Thus each connection {v^)*E'^ is represented by a smooth path 
A'^ : Ji ^ A{Y, C) . Then it follows from Theorem 15.31 that there are critical 
points £ Crit(CiS£ + hf^) and positive constants Co and Sq such that, for 
i = 0, ...,£, T > Ti + 1, and v sufficiently large, we have 

- 5r||co(.n.)xy) + - 5r|U..(,;nr)xy),Br ^ Coe-^"(--)Vi. (85) 
Here we abbreviate tq :— Q and 

{-oo, s'(-t], i^O, 

[s^ + r, oo), i = i. 



Moreover we use the fact that the constants in Theorem l5.3l can be chosen uni- 
form for all . Since the estimate is gauge invariant we may modify the gauge 
transformations so that the sequence converges in the C'^-norm to the crit- 
ical point Bi in the assertion of Theorem 17.21 for every i (see Proposition 13. 7p . 
Then (|55|) continues to hold if we drop the subscript B^ in the M^^'P-norm and 
replace Co with a possibly larger constant, still denoted by Co. 

Under the assumption of (ii) we may choose so that = Bi is indepen- 
dent of ly. Now we can argue as in the proof of Theorem 17.51 Combining (I85p 
with B^ ~ Bi and the exponential decay of Si and Si+i we obtain the estimates 

II (<)*-'' - Si(. - 5r)IU,.((_^,,._.],^) < Cie-^°^ 

, , , (86) 

mr^'^ - s,(. - 5niiH^i.(K^+.,oo)xy) < cie-*°(^--) 

for V sufficiently large, some constant Ci, and 1. Fix a constant 

p > and choose r so large that 

(^^g-A-o(r-r.) ^pI^ for i = 1, . . . , I. 

Then, on the interval [sf — r — — r] C Ji-i{T) the connections (uf_]^)*E!'^ 
and «)*S^ are both VK^'P close to Si(- - s^) Thus («_i)"^<)(- + <) is 
bounded in W'^'^{[—t — 1, — r] x Y) and thus, for a subsequence, converges to 
a gauge transformation E G'^'^{[—t — 1, —t] x y). For the limit we obtain 
{g~)*'E,i = Si on (— oo,— 1] as in Theorem 17.51 and we deduce that G Gsi- 
Similarly, we can pick the subsequence such that ((wf )~^uj') (• -I- s^) g'l G 
Gsi+i in W^2^P([r,r + 1] x Y) with (5i'")*Sj = S^ on [l,oo). With this we can 
now construct a sequence e t?(K x y) that satisfies 

• u''{s) = VQ{s)g^ for s G (— oo, s^j' — t — 1], 

• -u''(s) u5'(s) for s e [s'( - r, s^^ + r]. 
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• u^is) = <(s)g+ for s € [s^ + r + 1, - t - 1], 

. u-{s) - <(s)(.gr)-\9+ i(.9r-i)"' • • • {92r'9t for s e [< - r, < + r] and 

. ^.''(s) = <(s)5+(5r)"'5,-i • • ■ (52")"'5i+ for s £ [< + r + 1, - r - 1] 
and i = 2, . . . ,£. 

• + <) ^ (g-)-V-i(.9r-i)-'---(52")"V as ^ oo in 
W^^'''(hT- 1] X r,G) for i 1,.. 

• distvy2,p([,,.+^^,.^^_^])((wf)-iu'',g+(gr)-ig^+ ^(g-_J-^. .(5- ^ 
as 00 for i = 0, . . . , £. 

At the same time we replace the broken trajectory (Si, . . . ,S^) with S'^ := Si 
and S^ ((5r)~'5»-i(ffz"-i)"' • ■ • (32")~'5^)*S, for z = 2, . . . Note that this 
again defines a broken trajectory (^1, . . . , S^) between the critical points 

^hm S^ = {{gn-'gt-i ■ ■ ■ i92)-'9tTB.+, 

Here we used the fact that g^^^g'^ G ^Si+i- The convergence of (wJ')*S'' then 
implies 

for large v and i = 1, . . . , and from the exponential decay (|86p we obtain 

IK"'')*"" ~ ~ ■5i')|lH/i.p([s-+r,|s-_^_i + i<]xy) - 

IK"'')*"'' ^ "^(' ^ *i')||vKi.P([|s-_j + is-,s--r]xY) - ^/^' 

for large v, large t, and i = 1, . . . , ^. Here we denote Sq ;~ — oo and s^_|_]^ := oo, 
and we use the fact that {g'^Y'E.i — Sj on [1, oo) and [g^yE^i — S^ on (— cxd, — 1]. 
Thus, for every p > 0, we have a subsequence {vn)n&i and a sequence of gauge 
transformations u^" such that || (uJ^")*S''" — S-(- — 5r")|lvKi.p(/''" xF) — ^^^'^^ 
for all sufficiently large n > Np. Assertion (ii) then follows by taking a diagonal 
subsequence. 

To prove (i) we can assume by contradiction that, after passing to a subse- 
quence, none of the V^^^s is surjective. Then we use the C°-estimate of (|85)) and 
the same patching construction as for (ii) to find a further subsequence and a 
sequence of gauge transformations u'' Q Q(R x Y) such that 

Jim ||(u^)*S'^ - SK- - <)|lco(,.xy) - (87) 

for i = 1, . . . (The C'^-estimate holds on increasingly large domains because 
B, converges in C°(Mx F) - but not in W'^-'P{RxY).) By TheoremEU (iv) 
the surjectivity of the linearized operators 'D-e" .s is independent of a timeshift 
in the weight function, or equivalently in the connection. Hence, applying an 
overall timeshift to each element of the sequence S"^, we may assume w.l.o.g. that 



79 



Si — and for each i > 2 we have sj' ~> cx3. By assumption, the Hnearized 
operator wV-^.^sw^^ = V, + Hai — I\ is surjective on the unweighted Sobolev 
spaces, see Remark r6.10l (iv'). and so are the operators Vs+TiAi—Is- (RecaU that 
A = dgV = w~^dsW denotes the derivative of the weight function.) Equivalently, 
the adjoint operators — Vj + HAi — 1\ resp. — Vj + TiAt ~ are injective. Hence 
there is a constant c such that 

iieiliP <c||-v,e + 7iA.e-/Ae|Lp, ii^iIl. <c||-v,$+HA^e-/5C|L. 

for every ^ e W^^^iM. x Y, T*Y (g) ® fl). This estimate is stable under C°-small 
perturbations of and under the action of the gauge group. Hence, enlarging 
the constant c if necessary, we obtain 

supple /rxy =^ IICIIlp <c||-V''? + ^^-^-^a^ILp 

for all ^ and i and for v sufficiently large. For i > 1 this follows directly from 
((57|) with s\ = 0. For i > 2 we use the fact that A(s) = 5 for aU s e ^ , so 
we can estimate ||-Vj<^ + Ua-^ - h£.\\^j, by ||-VjC + Ua,(.-s-)£. ~ Is^Wlv ~ 
\\(u'^)*'E'^ — ~ s'^)\\Qoi^jf ^y)\\S,\\lp and identify the first term of this with 

II (-V. + ha^ - Ism- + OIL. > c-^iieiii.. 

Now for each ly we can choose a partition of unity : K ^ [0, 1] with 
supp /if C Xf and J2i Wdsh'^h-- ^ 0- Then we obtain 

e I 

i=l 1=1 

< ^c||-V4 + Ha-^ - /aCIL. + E W^sh^L^ UWlp ■ 

This shows that the operator — Vs + H-A" ~ i\ is injective on the unweighted 
Sobolev spaces for v sufficiently large, and hence its adjoint Vs + JIa^ — I\ is 
surjective. Since the latter operator is conjugate to 'D-^y ^i, this is a contradiction 
to the assumption, and the theorem is proved. □ 



8 Transversality 

Let (y, g) be a compact oriented Riemannian 3-manifold with metric g and 
boundary dY — S, and let £ C .4(1]) be a gauge invariant, monotone, ir- 
reducible Lagrangian submanifold satisfying (Ll-3) on page [71 Then M x y 
naturally is a Riemannian 4-manifold with boundary space-time splitting and 
tubular ends in the sense of definition 16.21 In order to complete the instanton 
data we must also choose a perturbation. A detailed construction of holon- 
omy perturbations is given in Appendix |DJ In this section we concentrate on 
achieving transversality by the choice of perturbation. 
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Fix an embedding j3 : [—1, 1] x D ^ int(y) and denote by the set of 
finite sequences 7 = (71, . . . ,7m) of embeddings 7^ : 5'-^ x D ^ int(F) that agree 
with /3 in a neighbourhood of {0} x D. Every 7 e F^ gives rise to a map 

p=(pi,...,p™) :Dx^(r)^G™ 

where pi[z^A) is the holonomy of the connection A around the loop ^i{-,z). 
Let Tm '■= C^(]D) X G™)^ denote the space of conjugation invariant real valued 
compactly supported smooth functions on D x G™. Each pair (7. /) e Fm x !Fm 
determines a smooth function hf : A{Y) R via 

hf{A) := [ f{z,p{z,A))d'z. 

The differential dhf{A) : TaA{Y) R has the form 

dhf{A)a^ l^{Xf{A)Aa). 

Here Xf : A{Y) il'^{Y,2) is a smooth function satisfying (fTO|) . We emphasize 
that the tuple (1, . . . , 1) is a critical point of every conjugation invariant function 
G™ R and hence the trivial connection A = is always a critical point 
of the perturbed Chern-Simons functional CSc + hf, it is nondegenerate by 
assumption (L3). 

Definition 8.1. Fix a perturbation (7,/) £ Tm x J^m and two nondegenerate 
critical points A^ S Crit(CiS£ + hf). A finite energy solution A : R — > A{Y,C) 
of the boundary value problem with limits lims^±oo A{s) — A^ is called 
regular if the operator I?a.i5 defined in |y_?[ ) is surjective for every sufficiently 
small constant d > 0. (This condition is independent of k and p.) 

Definition 8.2. A pair (7,/) £ F„i x is called regular (for {Y,g) and £) 
if it satisfies the following. 

(i) Every nontrivial critical point of the perturbed Chern-Simons functional 
CSc + hf is irreducible and nondegenerate, i.e. if A £ A{Y, C) is not gauge 
equivalent to the trivial connection and satisfies Fa + Xf{A) = then = 
and H\ f — 0. 

(ii) Let A : R ^ A{Y, C) be a finite energy solution of the boundary value 
problem {14^ with Sf{A) < 7 and suppose that at most one of the limits A^ 
is gauge equivalent to the trivial connection. Then the operator I?a.i5 defined 
in |yi[ j is surjective for every integer k > 1, every p > I, and every sufficiently 
small constant S > 0. 

For every 7 G Tm the set of regular elements f G J>„ will be denoted by J-^cg (7) • 

If / e ^rog(7) and ([^^], [A'^]) ^ (0,0) then it follows from the discussion 
in Section [6] that the moduli space M{A^ , Xf), introduced in ((62)l and the 
beginning of Section [7l is a smooth manifold of local dimension 

dim^j,^ MiA-, A+; X f) =Sf (A). 
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For every integer fc > 1 we introduce the following scminorm on the space of 
perturbations 

_ f \\XfiA)\\^, \\dXfiA)a\\^,_, \ 

We will apply this notation to the difference Xf — Xfi associated to two pairs 
(7,/) G Tm X J^rn. and (7',/') G Tm' X J-jn'- This difference can be written 
as Xf-f, associated to the union 7 U 7' := (71, ... , 7™, - ■ ■ , 7m') e Tm+m', 
where / and /' are extended to elements of J-m+m' in the obvious way. Then 
Proposition ID . f I impUes that \\\Xf^ — Xf^Wlj^ for \\f,j — /o||c''+i ^ 0. 

Theorem 8.3. (i) For every 7 S r„i the set of all f € J-^m tho,t satisfy condi- 
tion (i) in Definition ] 8. S\ is open in T„i with respect to the C"^ -topology . 
(ii) Let (70, /o) G X be such that every nontrivial critical point of 

CSc + ^/o irreducible. Then, for every e > and every k € N, there exists an 
n G N and a pair (7, /) e r„ x J-^ that satisfies condition (i) in Definition \8.'2\ 
and 111^/ -X/olllfe < £• 

The zero perturbation satisfies the assumptions of Theorem l8.3l (ii) by (L3). 
Transversality for the critical points near the unperturbed equation was estab- 
lished by Taubes [30j . The extension to large perturbations requires another 
proof, similar to that of the following transversality result for trajectories. 

Theorem 8.4. (i) The set J^rcg(7) is open in T„i with respect to the -topology 
for every m G N and every 7 g Tm- 

(ii) Assume that (70, /o) € ^ •^mo satisfies condition (i) in Definition \8.2[ 
Then, for every £ > and fc £ N, there exists an n Cz N and another pair 
(7,/) G r„ X JF„ that is regular, i.e. f G J'rcgi'y), o,nd satisfies 

Crit(C5£ + /i/J = Crit(C5£ + /i/), 

A e CriiiCSc + hf„) =^ hfiA) = hf^iA), 
\\\Xf^Xf,\\\,<e. 

Note that we do not construct a Banach space of perturbations in which 
regular ones are of Baire second category. The main reason for this is that the 
loops in the interior of Y do not form a Banach space. 

Remark 8.5. Fix a point j/o G int(F). For every based, embedded loop 7 : 
[0, 1] int(y) with 7(0) = 7(1) = yo denote by : A{Y) G the holonomy 
map. For later reference we state two facts that follow from the equivalence 
between connection 1-forms and parallel transport. (Note that it suffices to use 
embedded loops in the interior.) 

(i) Two connections A, B G A{Y) are gauge equivalent if and only if there is a 
go G G such that 
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for every based embedded loop 7. 

(ii) Let A £ A{Y) and a G n^{Y,g). Then a e imd^ if and only if there is a 
^0 G such that 

dp^{A)a = Pj{A)(,o - ^oPj{A) 
for every based embedded loop 7. 

Proof of Theorem \8.3[ Assertion (i) follows from the fact that the conditions 
H'^ = and H\ j = are open with respect to C^-variations of / and A. The 
conditions are moreover gauge invariant, and the set of nontrivial critical points 
of CSc + hf is compact in A{Y, C)/Q{Y) for every perturbation /. (This follows 
from Uhlenbeck compactness [311 [33] since F4 = ~Xf{A) is L°°-bounded.) The 
proof of (ii) has three steps. 

Step 1. Let (70, /o) G r„i(, x be given. Then there is £ Tm with 7^ = 70^ 
for i — 1, . . . , mo satisfying the following condition. Define a : A{Y) G™ hy 

a{A) p(0, A) = (pi(0, A),..., p„,(0, A)). 

Then, for every critical point A e Crit(C5£ + /i/q) and every nonzero 1-form 
T] € VL^{Y,q) satisfying 

dATl + <^Xf,{A)7] = Q, d^7] = 0, relays T^r, = 0, (88) 

the vector [Aa{A)rj\ € T(G™/G) is nonzero. 

The trivial connection is nondegenerate by assumption (L3), so for ^ we 
must have [A\ ^ [0], and so by assumption A is irreducible. The condition 
[d(T(A)?7] 7^ is open with respect to variations of (A, 77), and it is invariant 
under gauge transformations (A, 77) 1-^ {u* A, u~^r]u). Moreover, the set of gauge 
equivalence classes of pairs (A, 77) G Crit(C5£ + hj^) x ri^(y, g) that satisfy 
||?7||^2 = 1, [A] ^ [0], and ([88]) is compact. (For 77 this follows from elliptic 
estimates for the operator d^ © d^ with boundary condition *77|aY = 0, see e.g. 
[33l Theorem D].) Hence it suffices to construct 7 for a single such pair {A, rj). 
We shall use Remark 18.51 (ii) to construct 7. In each step it suffices to find 
the loops 9 I— > 7i(0, 0) (with base point yo ■— /3(0, 0)). Since the condition is 
open with respect to smooth variations of 7, these loops can be deformed and 
extended to the required embeddings of ID x 5^ into the interior of Y. 

Since A is irreducible we can choose the loops 7mo+i 7mo+2 such that 
the matrices gi :— pm„+i{0, A) and 32 := Prno+2i0, A) do not commute. Then 
(t{A) lies in the free part of G™. The tangent space of the G-orbit through a{A) 
is 

Vo {v = (a,(A)e - ^^7^)) U ^ 0} C T.(a)G™. 

We prove that 7 can be chosen such that da{A)rj ^ Vq. 

Since 77 _L im d^, it follows from Remark 18.51 (ii) that for every ^ G g there 
is a based loop 7 such that 

dp^{A)r^^p^{A)^-^p^{A). (89) 
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Since the map ^ i-^ (171^ — ^51:32^ ~ Cff2) is injective there is a constant C such 
that for 1^1 > C condition ((89)) holds for one of the loops 7m+i(0, •) or 7^+2(0, •)■ 
The compact set {|^| < C} can be covered by finitely many open sets Uj, on 
each of which condition ([55)1 holds with the same loop 7m+2+j- Thus we have 
proved that for every ^ € g there exists an i such that ([55)1 holds with 7 = 7^. 
This implies that da{A)'q is not contained in Vq and hence does not vanish in 
the tangent space of the quotient G"VG- 

Step 2. Let 7 G r,„ be as in Step 1 and fix p > 3. For fc S N and e > Q denote 

:= {/ e C^+HO X G'")« I 11/ - /ollc^+i < £}, 

fef and g^'P{Y) denote the W^ ^- and W^'P-closure ofA{Y,C) and 

g{Y) respectively, and 

M*{Tt) {{A, f) e A'^^YX) X T^^' \ Fa + Xf{A) = 0, [A] ^ [0]}. 
T/ien for every /e G N ^/lere is an e > such that the moduli space 

is a separable Banach manifold. 

We denote W^'P^{Y,T*Y ® g) := {a € W^^p{Y,T*Y (g) g) | a\oY £ TaC} and 
jrfe^ := C''+\B X 0™)° = T^fJ'ra, and consider the operator 

W^^l^{Y, T*r ® g) X W^i'P(r, g) x ^ T*y ® g) x LP(y, g) 

given by 

(a, /) (*dAa + *dXf{A)a - d^^ + *Xj{A), -d^a) . (90) 

This operator is T-La x (*X. (A),0) and hence it is the linearized operator of 
M*{T^'^) together with the local shce condition for the CJ^'P(F)-action. (The 
nonlinear operator is a map since the map *Xf : A^'P{Y) LP{Y, T*Y (g) g) 
is C'' for / e C''^^.) We must prove that this operator is surjective for every 
pair {A, f) E A4*{!F^f) when e is sufficiently small. We first prove this for 
f = fo- Suppose, by contradiction that there is a nontrivial critical point A G 
Crit(CiS£ + /i/o) such that the operator ([50)1 is not onto. Then with q^^ — l~p^^ 
there is a nonzero element 

{rj,0&L''{Y,T*Y^S)xL''{Y,g) 

orthogonal to the image of (|5D)) . Any such clement satisfies 

d^e = 0, *dAV + *dXf^ {A)r] = 0, d*AV = 0, 

and 

dhf{A)T] = J (X^-(A)A77) = (91) 
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for every / G ^m^e- This implies = because A was assumed to be irreducible. 
Since 77 ^ it follows from Step 1 that da{A)r] ^ and hence the map R — > 
G^/G : r [p{0,A + rij)] is an embedding into the free part of the quotient 
near r = 0. This implies that there exists a map / e !F^^ such that 

fiz,p{z,A + rfi))^rP{r)f3{\z\), 

where /3 : M — > [0, 1] is a smooth cutoff function that is supported in a sufficiently 
small neighbourhood of and is equal to 1 near 0. Hence 



dh^{A)7J = 



r=0 



fiz,p{z,A + r7j))d^z^ / Pi\z\)d^z>0 



in contradiction to ((9T|) . This proves that the operator ([90|) is onto whenever 
/ = /o and [A] [0]. That this continues to hold for ||/ — /ollc^+i sufficiently 
small follows from compactness and the fact that the trivial connection is non- 
degenerate. 

Step 3. We prove (ii). 

By Step 2, the projection M*(T^^) is a Fredholm map of Fredholm 

index zero. (Its hnearization kcr(7iA + 0) ^ TJ^^'"^ has the same index 

as the self-adjoint operator I-La ) Hence it follows from the Sard-Smale theorem 
that the set of regular values of this projection is dense in T^^^ . For such a 
regular value / S T^^'^ we have im (>i=X.(A), 0) C imT^A, so by the surjectivity 
in Step 2, the operator itself is surjective and hence injective. This shows 
that ll\ ^ — for all critical points A e Crit(C5£ + hf). For ||/ — /oUc^ 
sufficiently small we also have H\ = by (i), and hence / is 'regular' in the 
sense that Definition 18.21 (i) is satisfied. So we have seen that /o € Tm can be 
approximated by a sequence of 'regular' C*'+^ perturbations e and due 
to (i) also by a sequence of 'regular' smooth perturbations. This proves the 
theorem. □ 

Proof of Theorem \8.4\ To prove (i) we suppose by contradiction that there is 
a 7 e r,„ and a sequence e T„i \ •^rcg(7) converging to some / G J'rcgij) 
in the topology. By Theorem 18.31 we may assume that each satisfies 
condition (i) in Definition 18.21 Thus there is a sequence A"^ £ M{A'i, A'^; X j,^) 
such that Sf-^{A'^) < 7, at most one of the limits A'^. is gauge equivalent to the 
trivial connection, and the the operator 'Dt^v g is not surjective. The sequence 
A'^ has bounded energy by CoroUarv 16 . 1 41 and hence a subsequence converges to 
a broken Floer trajectory (Ai, . . . , A^) by Theorem 17.21 Since / e .?^icg(7), ah 
moduli spaces with negative index and at least one nontrivial limit connection 
are empty, and the assertion of Corollary 17.41 is wrong. So neither bubbling 
nor self-connecting trajectories of [0] can occur in the limit. Hence V^. g is 
surjective for every j and, by gluing (see Theorem 17.71 (i)), the operator Vp^^^s 
is surjective for u sufficiently large. This contradiction proves (i). 

We prove (ii). By assumption CiS^ + has only finitely many critical points 
in the configuration space A{Y^C)/Q (Y) . By Corollarv l6. 14l the energy of a Floer 
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connecting trajectory is E — ^tt^ (77/^ — 77/^ — dim +dimi?^+ 
where j is the Fredholm index of the Unearized operator. There are finitely many 
such numbers E > with j < 7. We order them as 

< Eq < El < ■ ■ ■ < Ei. 

Claim. Let j E {0, . . . , ^ — 1} and (7, /) G Tm x such that 

AeMiA-,A+;Xf),{[A-],[A+])^{0,0),\ v, , ^s onto (92) 

Ef{A)<E,, Sf{A)<7 j ^A,sisonto [^Z) 

Crit (CSc + hf)^ Crit {CSc + hf„) (93) 

AeCvitiCSc + hf,) =^ hf{A) = hf,{A), (94) 

Fix an integer fc G N and a constant e > 0. Then there is a perturbation 
(7', /') G Tm' X Tm' satisfying HQS]) to with j replaced by j + 1 and 

\\\Xf,~Xf\\\,<e. (95) 

A connection A G A4{A^ , A'^; X f) with energy Ef{A) < must be gauge 
equivalent to the constant path A^ = j4+ ^ [0]. By assumption these critical 
points of CSc + hfg are nondegenerate. So by Theorem 13.131 the hypotheses of 
the claim are satisfied for j = and (7,/) ~ (7oi/o)- Therefore assertion (ii) 
of the theorem follows from the claim by induction on j. We prove the claim in 
four steps. 



Step 1. The quotient of the set 



/C y <j A ; R ^ AiY, C) 



dsA + *{FA + Xf{A))^Q, 
lim,^±oo A(s) G [A^i 
Ef{A) < E,+i, 6f{A) < 7, 
I?A.(S not onto 



by the gauge group GiY) is compact. 

This is proven by the same discussion as in (i). The argument uses in addition 
the fact that the energy of each limit trajectory is strictly less than the 
energy of the A'' if bubbling or breaking of trajectories occurs. (So the relevant 
moduli spaces will be transverse or empty by assumption.) 

Step 2. There is a y € T^' with 7^' = 7^ for i = l,...,m satisfying the 
following conditions. For z G U and A G A(Y) let p[{z,A) be the holonomy of 
A around the loop 6 ^[{9, z) and define a : A{Y) — > G™ by 

a{A) (A{0,A),...,pUO,A)). 

Then, for every A G IC, there is an sq such that the following holds. 

(a) The tuple a{A{so)) is not contained in a{CTit{CSc + hf)) and belongs to 
the free part of G™ for the action of G by simultaneous conjugation. 
Moreover, a{A(s)) 7^ a{A{sQ)) for every s G M \ {sq}. 



86 



(b) For every nonzero section (77,0) G herTJ^^ the vectors da{A{so))dsA{sQ) 
and dCT(A(so))?7(so) are linearly independent in T(G™ /G). 

For every sq G M and every 7' the set of all A G /C that satisfy conditions (a) and 
(b) is open. Moreover, (a) and (b) are preserved under gauge transformations 
and under adding further loops to 7'. So it suffices to establish (a) and (b) 
for a single element of K,. (Then K, is covered by finitely many gauge orbits of 
small open sets around such elements, and the final 7' results from taking the 
union over all loops that are required by these different elements.) Hence from 
now on we fix an element A G /C. Since either or A~ is irreducible, there 
is an So G M such that A{so) is irreducible. Since the path s 1-^ (d^(s)^,0) is 
a solution of (|104p for every ^ G n^{Y,g), it follows from Proposition 18.61 (ii) 
below that 

5sA(so) ^ imd^(s„); (96) 

otherwise we would have dsA{s) = d^^^)^ for all s G M and, by partial integra- 
tion, WdA^h^Y) = - Jyi'^A^^iFA+XfiA))) = which would imply = 
and hence Ef{A) — 0. By Proposition 18. 61 (i) below, we have that 

Mso) i U [^(s)] U Crit(C5£ + hf)- (97) 

otherwise A : R ^ A{Y. C) would be constant or periodic modulo gauge, in 
contradiction to < Ef{A) < 00. Moreover, for (?7,0) G kciV^g, we have 

77(so) ± Ra, A(so) + im d^(,„) . (98) 

To see this, fix an element ^ G ^'^{Y, g). Then a{s) :— dsA{s) + d^j^)^ and r/(s) 
satisfy the differential equations 

dsa + ^{dAa + dXf{A)a) = 0, dsTj + 2dsVri - *(dA?7 + dXf{A)ri) = 0. 

and the Lagrangian boundary condition 'q{s)\QY , ol{s)\qy G Ta[s)^- Hence 

^exp(2y)^(?7,a) =exp(2F) (^^( 9,7? + 29,1/7,, *a )+ ^( 77, *a,a )^ =0. 

The last identity uses the fact that the operator a 1— > *(dAQ! + dXf{A)a) with 
the Lagrangian boundary condition is self-adjoint for every s. Since the inner 
product e^^ /.^( 77, a ) converges to zero for s ±00, this proves ([M)) . 

As in the proof of Theorem 18. 31 we shall use Remark 18.51 to construct 7' and 
it suffices in each step to find the loop 9 ^ 7,■(^^, 0). Since A{sq) is irreducible 
and using ([M)) we can argue exactly as in the proof of Step 1 in Theorem 18.31 
with (A, 77) replaced by (A(so), 5sA(so)), to prove that 7' can be chosen such 
that i7(^(so)) belongs to the free part of and 

da{A{so))dsA{so) i Vo, (99) 
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where Vq C Ta-{A{so))G"^ is the tangent space of the G-orbit through (t(A(so)), 
namely 

Vo {v = (a,(A(.so))eo - (o<y^iMso))) e fl}. 

This imphes that [da{A{sQ))dsA{sQ)] 7^ in the tangent space of the quotient 
G^'/G. It follows that the curve [sq -S,so + S]^ G^'/G : s [(t{A{s))] is 
injective for 5 > sufficiently small. The set 

C := {[A{s)] I \s - sol >S}U GiitiCSc + hf)/g{Y) C A{Y)/g{Y) 

is compact and, by ([W)) . does not contain [A(so)]- Now (i) holds if and only if 
(t{B) g{A(sq)) for every [i?] G C. Since this condition is open in i?, and C is 
compact, it suffices to prove this for a fixed element \B\ e C. Given \B\ € C it 
follows from Remark 18.51 (i) that for every 5 € G there is a based loop 7 such 
that 

p.^{B)^g-^p^{A{sQ))g. 

For every fixed loop 7 this condition is open in g. Since G is compact there 
exist finitely many loops 7- such that the tuple {pY.{B))i is not simultane- 
ously conjugate to {pj'{A{so)))i. For this choice of the loops 7,' we have that 
<j{B) / a{A{so)) as claimed. 

To prove (b) it suffices to consider a fixed nonzero element (77, 0) G kerl?^ s 
because this kernel is finite dimensional. Since tiIsq) ^ (by unique continuation 
as in Proposition [8]6] (ii)) it follows from ((98|) that 

r]{sa) - XdsA{sa) ^ iiadAisa) VA e M. 

By ([99)1 we have 6 := inf„gVo |dcr(A(so)9s^(so) ~ w| > and 

da(A(so))(rKso) - Xd,A{so)) ^ Vo (100) 

for |A| > \\d<7{A{so)ri{so)\\ =■ c. We wish prove that (jlOOp continues to hold 
for all A S [— c, c] with a suitable choice of 7'. For each fixed A the proof is the 
same as that of Step 1 in the proof of Theorem 18.31 Since condition (|100p is 
open in A this proves Step 2. 

Step 3. Let C := {iz,p'{z,A)) G D x G™' | A e CvitiCSc + hf)} . Fore' > 
and fc G N (possibly larger than the constant in the claim) denote 

' {/' e C^+'i^ X G™')« I (/' - /)U,,(c) ^ 0, II/' - /llc.+i < s'} 
and for a fixed p > A let 



M{A-,A+,Ttf') := <^ (A,/') G x T^' 



keM{A-,A+-Xf,) 

Ef,{A)<E,+, 
Sf,{A) < 7 



Here we abbreviate Ag'''' :~ Ag''^{M. x Y,C;A (see equation \1J^ ). Let 

Go'^'iR X Y) be the W'^^p -closure 0/ {u : R g{Y) \ u{s) = 1 V|s| > f}. Then 
for every fc G N there is an e' > such that the following holds. 
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Every perturbation f G J^^lf satisfies conditions i93]) . (9^, i95\}. and for 
every pair of critical points {[A^], ^ (0, 0) the universal moduli space 

M{A-,A+,T^^f') := M{A-,A+,T^f')/g',^P{R x Y) 
is a separable -Banach manifold. 

Conditions dM]), ([Ml), and (US]) are satisfied for every /' e J^f^'f' for e' > suf- 
ficiently small. The assertion about the universal moduli space holds whenever 
the linearized operator 

(a, ^, /) ^ I?A,5(a, V) + (^/(A), 0) (101) 

is surjective for every pair (A, f) e M {A^ , v4+ , T^^lf ) . Here Pa.a' is the operator 
([7T|) with k — 1. We first prove that this holds for f'^f- If A is not gauge 
equivalent (by Q{A~ ^ A'^)) to a connection in /C, then the operator Pa, 5 is 
surjective by Remark 16.101 (i), and hence so is (jlOip . Let A e /C (after a 
gauge transformation in Q{A~,A'^)) and q^^ := 1 — p^^, and suppose, by 
contradiction, that there is a nonzero pair 

(?7, (^) e L^K X Y, T*Y fl) X L:^(M X Y, g) 

orthogonal to the image of poip . Then we have (p = (by the proof of Theo- 
rem EH), 77 e T^A ^(M X Y, T*Y (g) 2) (by Theorem [SH]) , Vl g{r], 0) = 0, and 

exp(2V is))dhfiA{s))ri{s)ds = (102) 

' —00 

for every / G TfT^^f . By Step 2 there is sq G M such that a{A{s)) ^ cr{A{so)) 
for s 7^ So and the tangent vectors da{A{sQ))dsA{so), da{A{so))ri{sQ) are lin- 
early independent. Hence the map 

(r, s) i-^ p{z, A{s) + rri{s)) 

is an embedding in a neighbourhood of (0, sq) € for every sufficiently small 
z G D. It follows that there exists a smooth G-invariant map / : D x G™ — > M 
vanishing in a neighbourhood of C and satisfying 

/(z, p(z, A(s) + r77(s))) - r/3(r)/3(s - so)/3(kl) 

for a suitable cutoff function /3 : R ^ [0,1] that is supported in a neighbourhood 
of and is equal to 1 near 0. This implies 



dhfiA{s))r,{s) 



I- f{z,p{z,A{s)+rrj{s)))d'z 
Pis -so) f f3{\z\)d^z > 
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for every s G R. Hence the integral on the right hand side of (|102p does not 
vanish, contradiction. Thus wc have proved that the operator (|10ip is onto 
whenever /' = /. 

We must prove that (jlOip is onto when ||/' — is sufficiently small. 

Otherwise there are sequences T^^^f 3 ^ f and A'' G A4{A~ , A~^; Xf-^) such 
that the operator pOTj) . with (A,/') replaced by (A",/"), is not onto. If A"" 
converges (modulo gauge) to A G /C then ()101|) is surjective for the pair (A, /) 
and hence for (A", when v is sufficiently large. Otherwise it follows from the 
compactness and gluing theorems as in the proof of (i) that T^iij^s is surjective 
for V sufficiently large. This contradiction finishes the proof of Step 3. 

Step 4. We prove the claim. 

By Step 3 the projection A4 {A^ , T^f ) is a Fredholm map of index 

at most 7 for every pah A± G Crit(C5£ + /i/) with ([A"], 7^ (0,0). (The 

index at (A,/) is the same as that of the linearized operator Pa.s-) Hence it 
follows from the Sard-Smale theorem that, for fc > 8, the set of regular values 
is of the second category in the sense of Baire. Any such regular value / G 
satisfies (|Mt . To prove the claim, pick a regular value of the projection and 
approximate it by a smooth perturbation /'. In the last step we use the fact 
that the set of all perturbations that satisfy the requirements of the claim is 
open in the C*^ "'"^-topology. (The proof is analogous to the proof of (i).) This 
proves the theorem. □ 

The main difference between our proof of Theorem 18.41 and the argument in 
Donaldson's book O p 144] for the closed case is that we do not have a gluing 
theorem converse to bubbling on the boundary and hence cannot work on a 
compact part of the moduli space in the presence of bubbling on the boundary. 
To circumvent this difficulty we have restricted the discussion to the monotone 
case and to Floer connecting trajectories of index less than or equal to seven. 
We also made use of a unique continuation result for perturbed anti-self-dual 
connections with Lagrangian boundary conditions, which is established next. 

Unique Continuation 

Proposition 8.6. Let (7, /) G r„j x Tm and fix an open interval / C M. 

(i) Let A, B : I A{Y) be two solutions of the Floer equation 

dsA + *FA + *Xf{A) = 0, A{s)\^eC. (103) 

If A{so) = B{so) for some sq G / then A{s) — B{s) for all s G /. 

(ii) Let A: I ^ AiY, C) and ^ = (a, (/?):/ ^ ^\Y,q) x n'^(Y,Q) be smooth 
maps satisfying the (augmented) linearized Floer equation 

5.C + Ha^ = 0, a(s)|s G T^(,)£, *a(s)|s = 0. (104) 

If ^{sq) = for some sq G / then ^(s) = for all s G /. 
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The proof will use the following local continuation result in the interior. 
This was proven by Taubes [31| in a slightly different formulation; we include 
the proof for the sake of completeness. 

Lemma 8.7. Let U be a (not necessarily compact) 3-manifold without boundary 
and I <Z M be an open interval. 

(i) Let A, B : L ~* -A.{U) be two solutions of the unperturbed Floer equation I1103\) 
with / = 0. If A{sq) = B{sq) for some sq G / then A{s) — B{s) for all s e /. 

(ii) Let A : I A{U) and ^ = (a,<^) : / -> fl^iU,Q) x n"{U,5) be smooth 
maps satisfying the unperturbed linearized Floer equation ^104^ with f — 0. If 
^(sq) = for some sq € I then ^(s) = for all s G /. 

Proof. To prove (i) assume by contradiction that A{s',yi) ^ B{s',yi) for some 
{s',yi) & I X U. Let Dr{yi) C ?7 be a geodesic ball of radius r > around yi 
and denote 

J := {.s e / I A{s)\D^^,(y^) = ^(s)lAv2fei)} C I- 

This set contains sq by assumption and it is a closed subset of / because A — B 
is continuous. We claim that J C / is open and hence J = / in contradiction 
to the assumption. 

To prove that J is open we fix an element si £ J. Then A ~ B vanishes 
to infinite order (i.e. with all derivatives) at xi := {si,yi). For the derivatives 
in the direction of / this follows from the Floer equation. Let Dr{xi) C I x U 
denote the geodesic ball centred at xi. We fix gauge transformations ua^ ub € 
GiDr{xi)) with ua{xi) — ub{xi) — 1 such that u\A and u*gB are in radial 
gauge on Dr{xi). Then these can be pulled back to connections in temporal 
gauge A', B' : (— oo, logr) .4(5'^) by geodesic polar coordinates (— cxd, logr) x 
5*^ —> Dr{xi) \ {xi}. The fact that u'^A — u^B vanishes to infinite order at xi 
translates into superexponential convergence A'{s) — B'{.s) —> as s — )■ —oo. In 
particular, for every K > 0, we have 

hm e-^^P'(s)-i?'(s)|U.(s3) =0. (105) 

s — * — oo 

The puUback metric on (— oo, logr) x has the form e^*(ds^ + Qs), where g is 
a smooth family of metrics on that converges exponentially to the standard 
metric on S'"^ as s ^ — oo. Since the anti-self-duality equation is conformally 
invariant, the connections A' and B' also satisfy ()103|) with respect to the metric 
ds^ -I- gs on (— oo,logr) x 5*^. We now denote a := B' — A' : (— oo,logr) — > 
1)^(5''^, g) and use the technique of Agmon-Nirenberg in Appendix [Cl to prove 
that a = 0. The Floer equations (i.e. the anti-self-duality of A' and B' w.r.t. 
the conformally rescaled metric) imply that a satisfies 

dga + >i=d^,_|_i„Q; = 0. 

We shall use the operator F := —*dy^,_^_i^ (corresponding to A{s), appropriately 
shifted, in the notation of Appendix [Cjl which is self-adjoint with respect to the 
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time dependent inner product 



(«,/?),:= / {aA*sP)^{Q{s)a,Qis)/3)E. 

Here *s is the Hodge operator for the metric gs on S^, and the subscript e 
indicates the use of the standard metric on S^. The operator Q{s) : fl^ {S^,q) 
n^{S^, g) is defined as in [ini p.151], as a self-adjoint operator such that Q{s)^ = 
This square root exists since *e*s is positive definite. These operators 
satisfy (Ql) in Appendix [Cl bv the exponential convergence of (7^ as s — > —00. 
Moreover, 

-^(a, *d^'+iaa)s + 2(9^0!, *d^,+ i„a)s = - J^JaA[d,{A' + ^a) A a] ) 

< \\dsA' + 59^a||ioo(53) l|a||^ 

Hence the function x{s) :— a(s2 ~ s), with S2 G {^oo,\ogr), satisfies the as- 
sumptions of Theorem I C . 21 with ci = C2 = and c^{s) — \\dsA' + ^dsCt\\L^(s^). 
The constant c in Theorem lC.2l is finite because |j9sA'-|- ^ 9s a 11^00(53-) < 00, 
by the exponential decay of A' and B' (see Theorem 15. II) . We thus obtain 

for all s G (—00, S2]. This estimate contradicts the superexponential convergence 
in (jlOSp unless a(s2) = 0. Since S2 is any element of the interval (— cxD,logr) 
we have shown that a = and hence u'^A = UgB on the geodesic ball Dr{xi) 
around xi = (si,yi). This ball contains the set [si — ^, .si + ^] x Z)r/2(yi)- From 
the construction of the gauge transformations with A = i? on {si} x Dj./2iyi) 
we know that ua\s=si — ub\s=si - Now there is a unique gauge transformation 
V on [si - §,si + §] X Dr/2{yi) with v\s=si = u'^\s=si = Ug^\s=ai that puts 
u\A = u*gB back into temporal gauge. By the uniqueness of the temporal 
gauge with uav\s=si = ubv\s=si = 1 this implies 

A= {uAv)*A^ {uBv)*B ^ B on [si - §, si + §] x i:>^/2(2/i) 

and hence [si — §, si + |] C J. This proves that J is open as claimed. 

The proof of (ii) is analogous to (i). In conformal polar coordinates near 
xi we choose the radial gauge u\A as before. The puUback ^' : (— oo,logr) 
^^{S^ , g) X Vf'lS^ , g) then satisfies the linearized Floer equation with respect to 
A' . Now the Agmon-Nirenberg technique for x — ^' (with the Hessian 'Ha>(s) 
as self-adjoint operator) shows that ^' = and hence ^ = on Dr{xi). The 
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relevant estimate is 



{a'A[dsA',a'])+2 ( a'A * <^'] ) + 2 / {a' A{ds*)dA'^' ) 

is^ Js^ Js^ 

<2c,{s)\\'HA'e\\sU'\\s + C3(.s)U'\\l 

where C2(s) = 2S'^cq{s) and c^is) = 2\\dsA'\\^^^s,-^ + SS-'cgis) \\Fa'\\]!1^s^) 
with 6 and cq as in (Ql) in Appendix [Cl We have used the identity ds* = 
*EdsQ^, which imphes \\ds * \\s < 26~^cq, and 

/||2 111 / 1 /||2 



||dA'<p'||' + ||dA'«'||, - W^dA'a' -dA'^'\\: + 2jg,{a'A[FA',ip']) 



which imphes ||dA'(^'||, < ||HA'e'IL + 2||FA'|lLi(s3)||e'll 



□ 



Proof of Provosition \8.6[ The proof of (i) is similar to that of Lemma l8.7l except 
for the presence of boundary terms. To control these we first use Lemma [8771 (i) 
on t7 := N\ dY for a neighbourhood iV C F of dY on which Xf = Q. It implies 
that A and B agree on / x [/ and hence by continuity on / x A^. In particular, 
the 1-form a{s) := B{s) — A{s) G r2^(F, g) vanishes near dY and hence belongs 
to the space n^^^^^{Y,2) for every s. To establish unique continuation in the 
interior we assume, by contradiction, that a(si) for some si < sq. We will 
apply Theorem IC.ll to x{s) — a{si — s) and the symmetric operator 

Vis) *d^(,) + ^dXfiAis)) : n\^,^iY,e) ^ n\^,^{Y,Q) 

for s G I. We have a{sQ) — and 

a^a + Fa = - i * [a A a] - *(A:/(A + a) - AT/ (A) - dXf{A)a), 
ds{a,¥a) -2{dsa,¥a) = Jy{aA[dsA A a]) + Jy{a,d^XfiA)idsA,a)). 

Hence it follows from Proposition ID. II (v) that 

\\d,ais) + ]F(s)a(s)|| ^2(y) < ci |la(s)|l ^^(y) , 
ds(a{s),¥is)a{s) ) - 2( F(s)a(s) ) < 

for si < s < So and suitable constants ci and C3. This shows that the path 
s 1-^ a{s) and the operator family F(s) satisfy the hypotheses of Theorem lC.il 
with C2 = 0. Hence a{s) = for Si < s < sq and a{si) = follows by 
continuity, in contradiction to the assumtion. The argument for si > sq is 
simlar and this proves (i). Assertion (ii) follows from Lemma 18.71 fii) and the 
analogous estimates for the solutions of p03p . This proves the proposition. □ 
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9 Gluing 



Let y be a compact oriented Riemannian 3- manifold with boundary dY — S and 
C C A{T,) be a gauge invariant, monotone, irreducible Lagrangian submanifold 
satisfying (Ll-3) on pagejT] Fix a regular perturbation hf : A{Y) ^ E in the 
sense of Definition 18.21 

Let Bo,Bi,B2 G A{Y, C) be nondegenerate and irreducible critical points of 
CSc + hf. We denote by A(M. x Y, £; Bq, B2) the space of smooth connections 
on R X y with boundary values in £ and C°°-limits Bq and B2 as in (|6ip : this 
is a special case of the notation ([74)1 . Also recall the notation M{Bo, Bi; X f) 
from chapter [7| for the space of solutions that are in temporal gauge over the 
ends, and M{Bo, Bi; X f) for this space modulo gauge equivalence. For T > 1 
we define a pregluing map 

M{Bo,Bi;Xf) X MiB^.B^^Xf) ^ ^(M x y,£;So,S2) ^^^^^ 

as follows. The connections = Ai + ^ids are in temporal gauge outside the 
compact set [—1,1] x Y and have limits 

lim Ai{s) = Bo, lim Ai{s) = Bi ^ lim ^2(5), lim ^2(5) = ^2- 

s — * — CXj s — >oo s — * — CXj s — *oc 

Define Si#t22 := A + ^ds by 

where : (0, 00) — > IR is a smooth function satisfying 

L s' * - 2' 

This connection is smooth because Ai and A2 converge exponentially as s tends 
to ±00. It satisfies the limit conditions and the Lagrangian boundary conditions 
by construction. In fact, this is why we use rescaling in time rather than convex 
interpolation in space. The map (E!i,S2) 1-^ Si#tS2 is gauge equivariant in 
the sense that 



(Ui^i)#t(u2-2) = U*(^1#T^2), u{s) : = 



ui(s + T), s<0, 
"2(5 — T), s > 



for each pair (ui,U2) G Q{Bo,Bi) x Q{Bi,B2)- RecaU from the beginning of 
Section [7] that each m S G{Bo, Bi) satisfies dsUi{s) — for \s\ > 1, ui{s) S Gbi 
for s > 1, and ui(s) G t/s,, for s < —1; similarly for U2- Since Bi is irreducible 
we have wi(s) = U2{—s) ~ II for s > I. 
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Theorem 9.1. Let Bq, Bi, B2 G A(Y, C) be nondegenerate and irreducible crit- 
ical points of CSc + hf , and fix Si €z M{B(), Bi; Xf) and'E.2 & M.{Bi^B2]Xf) 
with = (J/(S2) = 1. Then, for every p > 2, there exist positive constants 

K, Tq and a map 

t: {To,^)^ M\Bo,B2;Xf)/R, T ^ tt{Ei,E2) 

with the following properties: 

(i) T is a diffeomorphism onto its image. 

(ii) The connections rT(Si,S2) converge without bubbling (as in Theorem \7.^ 

to the broken trajectory (Si, S2) as T 00. 

(iii) If E is a solution of the Floer equation \15]) and 

II" — (^ii^T^2)||^yi.p(j|xy) - 

for some T > Tq + 1, then its gauge and time- shift equivalence class [S] 
lies in the image ofr. 

Proof. The preglued connection 

Si#tS2 =: St = At + <^t^s 

is an approximate solution of the Floer equation and rT(Si,S2) will be con- 
structed as a nearby true solution. More precisely, we have 

\\dsAT-dA^<^T + *{FA^+Xf{AT))\\T.(^^Y)^Ce-'^ (107) 

for some constants C and (5 > by exponential decay, Theorem 15.11 We will 
use the inverse function theorem to find near the approximate solution S^ 
a true solution Sy S M.{BQ,B2]Xf). For that purpose we use the Banach 
manifold structure of the space yl^'^(R x Y, £; Bq, B2), see ([73]). Its tangent 
space T^^A^'P{R. x Y,C;Bo,B2) is the space of all 1-forms — a -\- ipds with 
a e W"^'P(M. X Y,T*Y ® g) and ip e W^1'P(R x Y,q) satisfying the boundary 
condition a(s) G Tat{s)^- Using the exponential map of Theorems IE. 41 and 
Corollarv IE. 51 we obtain a continuously differentiable map 

TstA^'P{R X Y, C; Bq, B2)dU^ A^^p{R x Y, C; So, B2) : ^ ^ E{Et; 

defined on a neighbourhood U of zero by 

E(Et;0 ■■= EArisMs)) + ($t(s) + 'p{s))ds. 

We now look for a solution of the form S^ = At + $Tds = E{Et;^), where 
C &Li satisfies 

dS^e = 0, *e|RxaY = 0, ^eimV*T. (108) 

^ Here * denotes the Hodge * operator on the four-manifold IR X y unUke in I I109I I below. 
The first two conditions fix the gauge whereas the third condition fixes a complement of the 
kernel of the linearized operator for combined anti-self-duality and gauge fixing. 
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Note that Sr automatically satisfies the boundary conditions At (s) lay S H 
and has the limits lims_^_oo ^t(s) = -Bo, lims__,oo ^t(s) — B2. So it remains to 
solve the Floer equation 

dAr - d^^$T + *{F^^ + XfiAr)) = (109) 

for ^ subject to (jlOSp . The precise setup for the inverse function theorem is 
as follows: In order to keep track of the T-dependence we use the version [2T1 
Proposition A. 3. 4.] which provides explicit constants. We apply this version of 
the inverse function theorem to the C^-map 

fT-.Xr^Z, /T(C):=(F+^^^^),d|,e). 

Its domain is a neighbourhood of zero in the Banach space Xt consisting of 
^ € Thj,^^'P(Rx Y, C; Bq, B2) that satisfy the boundary condition ^^iRxQy = 0. 
(Note that the domain depends on T. One could also work with a T-independent 
domain by using simple reparametrizations in s e M to identify Xt = Xtq for 
a fixed Tq. This gives rise to a continuous family of inverse function problems 
fx : Xto — > Z for T e [To, 00).) The first component, F'-,^^ is identified 

with the left hand side of (|109p , so the target space of /t is the Banach space 

Z = LP{R X Y, T*Y ® g) X LP(M x Y, g). 

The differential dfriO) at = then is the linearized operator Vt ■= 'D^.t- To 
check that the differential d/r is uniformly continuous at G Xt we calculate 
for all C, C e Xt 

II (d/T(0 - 2?t)C|L.(r,^) - II* [(^(St; - St) A <] ||^,(^^^^ 

< Csup||£'^^(5)(a(s)) - At{s) + ^{s)As\\^^, \\C,\\w^.v(^Ky,Y)- (HO) 
seR ^ ' 

Here C is the constant from the Sobolev embedding VK^'P(y) ^ LP''p{Y) and the 
second factor converges to zero uniformly in T as HCIIh^lp = lla + i/sdsHiyi.P — > 0. 
Indeed, given £ > there is 5t,s > such that ||-E'^y(s)(a) — At{s)\\l2p(^y) < s 
for all a £ T^^(s)^(F, £) with ||Q!||i2p(y) < St,s- We can choose St,s = S > 
uniform for all T > 1, s G R because the image of At in A{Y,C) is compact 
and independent of T. 

That the linearized operator is surjective for sufficiently large T with a uni- 
form bound for its right inverse Qt '■= 'D^{T>t'D'^)^^ follows from the estimates 

Ihllwi.p(Rxy) < C'||I?t'7IUp(Rxy), (111) 
||I?t'7IIh'1.3'(Rx1') < C'||I?t2?t?7||lp(Rxy)- (112) 

These estimates hold for T sufficiently large, and the constant C is independent 
of T. The inequality (|llip implies that Vt is surjective and Qt ■ Y Xt is 
defined, and (|112[) gives a uniform bound for Qt- The proof of the estimates is 
as in [51 Proposition 3.9], [551 Proposition 3.9], or Theorem 17.71 It rests on the 
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fact that the connections 2i_t := 5i#t5i and 52, t ■— 5i#tS2 (which coincide 
with for s < ^ and s > respectively) satisfy exponential estimates of 
the form ||Sj_r — ± r)||cfc < Cke~^'^, and hence their linearized operators 
are surjective with uniform estimates. Here we use the fact that Si and S2 are 
regular in the sense of Definition 18.11 

We have thus checked that the assumptions of [3TI Proposition A. 3. 4.] are 
satisfied with uniform constants for all T > Tq, where Tq > 1 is determined 
by comparing (|107p with [HI (A.3.5)]. Hence the inverse function theorem 
provides unique solutions € imQr C Xt of /t(^t) — 0. In other words, 
we can define tt{'^i,'E.2) := = E{'E,t,£,t), where Ex G A4{Bq, B2] Xf) is 
the unique solution of the form pOSp with = Ei^t'^2- This map is gauge 
equivariant and induces a map to the moduli space. Note moreover that S,t will 
be continuous with respect to T in the W^^^^'-norm and hence 5t as well as r 
will depend continuously on T G [To, 00). In the following we sketch the proof 
of properties (i)-(iii). 

The convergence in (ii) follows from the fact that the infinitesimal connection 

obtained in the inverse function theorem satisfies an estimate of the form 
Ut\\w^,p < C||/t(0)||lp < C'e-*^ for uniform constants C,C". 

The index of tt(Si, S2) is given by (|77|) . i.e. 

5/(rT(Si, S2)) = /^/(Bo, Bo) - Bi) + Bi) - /x/(B2, -B2) 

Here Bi : [0, 1] —> £ are paths from Bi{0) ~ Bi to Bi{l) ~ 0, where we pick 
any Bi and pick the other paths such that Bq is homotopic to the catenation 
of SiIrxs with Bi and Bi is homotopic to the catenation of S2|rxs with B2. 
Then, by construction, Bq is homotopic to the catenation of (Si#tS2)|rxs 
with B2. Moreover, tt(2i, E;2)|kxs is homotopic to (Si#tS2)|rxs- 

To see that r is a diffeomorphism note first that both domain and target are 
1-dimensional manifolds (by the regularity and additivity of the indices). Hence 
it suffices to show that r is an injective immersion by following the argument 
in [9l p. 96]. In fact, since the domain of t is connected, it suffices to show that 
dr is nonzero for all sufficiently large T. We will show below that r is C^-close 
to the pregluing T t-^ Et = Si#tS2 as a map [Tq, 00) y^^'P(M x Y, C; Bq, B2), 
i.e. 

II dT"'2" ~ dT^T'llwi.PCRxy) 0. (113) 

With this, the immersion condition ^ G T^(t)A^ (Bq, B2; X/)/M follows 
if we can prove that the pregluing map is an immersion modulo gauge and 
time-shift with a uniform estimate. Indeed, taking the infimum over all ip G 
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C°°(R X y, g), A e M we have 

il^l Wm'^T - dsrV - A • ds^T\\^i,p(^MxY) 

- 'fi'fW^^^' " ~ ^ ■ ^^M\w^.Pi(-oo,-l]xY) 

+ inf||-a,A2 - dA,^ - A • dsA^W^,,^^^^^^^^^^) > A > 0. 

Here we restricted the VF^'^-norm to the half cyhnders s < — T — 1 resp. s > 
T + 1, where Et{s) = Ai{s + T) resp. St(s) = ^2(5 - T). We also dropped 
the ds-terms and applied various shifts. The constant A > is obviously 
independent of T. It is positive since otherwise one could pick a minimizing 
sequence converging to limits A, V'i,'/'2 such that (1 — XjdgAi — dAii^i and 
{\+X)dgA2 = — dyi2'02- However, from unique continuation fProposition lS. 6l fii) ) 
we know that dsAi[s) ^ imd^.(s), so d^^^Ai vanishes on both half cylinders, 
which leaves the contradiction 1 = A = —1. 

It remains to establish (|113p . We write (...) for ^(. . .) and claim that 

II^St - StII^^i^p < ||(9i i?(ST,CT) - Id|| ||St|| + ||92i?(ST,^T)'?T|| ^^7;^ 

due to the identities £^(-,0) = Id and 92i?(ST,0) = Id, the boundedness 
of IISt'II vi/i,p (due to exponential decay), and the convergence — )■ and 
II'^tIIh/I'J' ~^ 0. To check the latter recall the abstract setup for the inverse 
function theorem. Taking the T-derivative of /t(Ct) = we obtain 

||d/T(CT)CT||iP = l|/'r(^T)|Lp 

This convergence uses the same estimates as before and the fact that d-^'E.j' 
vanishes except for near s = zt^, where it is exponentially small. Now write 
= QtVt with TjT = T^T^T, then 

£,T — Ct + QtT^t£,t with (t = QtVt G iraQx- 

We have \\Qt'Dt^t\\w^.p since ^ and the operators Vt ■ W^'P — > LP 
and Qt ■ —> domI?T C W^'P are uniformly bounded. The first bound is due 
to \\Vt - Vt„\\ < ||St - StoIIco; similarly Vt : W^^p ~* LP and : W^^p 
W-^'P are bounded in terms of llSrlico resp. UStHcIi and we have the identity 
Qt = VtC^t'L't)-^ - QriVrV^ +VtV^)(VtV^)'^ . Here the uniform bound 
on {VtV*j,)~^, that is ||r;||^y2,p < C\\VTV*j.'q\\LP , follows from combining (fTT2)) 
with the W'^'P-\eTS\OTL of ([TTT|l . 

Finally, we can prove that ||Ct||vfi.p ~* because, starting from (|112p . 

IICtIIwi.p < C\\'DtC,t\\lp 

< C{\\{dfT{^T) - VtKtWlp + \\dfT{^T)iT\\LP + \\dfT{^T)QTVT^T\\Lp). 
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Here the first term can be absorbed into the left hand side by (jllOp for suffi- 
ciently large T > Tq and the other terms converge to zero as T — > cxd, using a 
uniform bound on d/T(^r) from Wdfri^r) — 'DtW < \\E{Et,S,t) — '^t\\c°- This 
finishes the proof that 0, hence (|113p holds and (i) is proven. 

Assertion (iii) follows from the uniqueness statement in the inverse function 
theorem if we can find u e C7(R x F) , a e M, and T' > Tq such that m*S( - + <t) = 
E{Et> , with $ satisfying (fT08l) and T^^'P-small. For each (cr, T') close to (0, T) 
we can use the local slice theorem to find u^^t' and ^ct,t' satisfying 

<j,,S(. +a) = ^(St',^..t'), dl^,UT' = 0, *^.,T'\mxdY = 0. 

One then finds {<7,T') satisfying £,cr,T' S imPJ, — (kerI?T')^ by a further 
implicit function theorem. Namely, there is a basis (?7i,t', '72, t') of kevVT' close 
to (a,Si#T'0, 0#T'9.S2). Then the map (a,r') y-^ i{ka,T' ,m.T'), (Ut' ,m.T')) 
is invertible and has a zero close to (0, T). □ 

Remark 9.2. In Theorem 19.11 we can allow Bi to be reducible (but still non- 
degenerate). Then we obtain a gluing map 

r: (To,cx3) X (^bJ{±]1}) ^ A^^+dim//"^ ^^^^ ^^^^j^ 

with the same properties as in Theorem l9.1l This map is constructed by starting 
from a preglued connection Si#g_T52 that takes g G C/Bj/{±1} into account by 

I <?M2(-|-t-^(-| + .s)), s> |. 

The index identity again follows from (j77p and the uniformly bounded right 
inverse can be constructed using weighted spaces, as described in [9l 4.4.1]. 

This shows that the breaking of trajectories at the zero connection can be 
excluded in low dimensional moduli spaces since the stabilizer Qq C Q(Y) adds 
3 to the index of the glued connection. However, this argument is not needed 
for the construction of Floer homology. In the proof of Corollarv l9. 31 below, we 
use simpler index bounds to exclude breaking at the zero connection. 

Theorem 19.11 gives rise to maps 

TT : M^{Bo,Bi)/^-K M^{Bi,B2)l'&^ M^{Bi,B2)lM. 

defined by choosing one representative for each gauge and shift equivalence class 
in each moduh space 7^^^",^+)/^ with [A'] e 7^/ \ [0]. 

Corollary 9.3. Let A+,A- e Crit(C5£ + hf) \ [0]. Then, for Tq sufficiently 
large, the sets r(To,oo)([Si], [S2]) C M'^{A- , A+)/R, indexed by [B] G % \ [0] 
and ([Si], [S2]) e M^{A~,B)/R x M^{B,A+)/R, are pairwise disjoint. More- 
over, their complement 

M^iA~,A+)/R \ [j [j tt{M\A-,B)/RxM\B,A+)/R) 

[0]^[B]e'R.f T>To 

is compact. 
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Proof. The sets T(^To,oc){['^i], [^2]) are disjoint for Tq sufficiently large since they 
converge to different broken trajectories for Tq 00, see Theorem 19. II (ii). 

To prove compactness we assume by contradiction that there exists a se- 
quence [S''] e Ai'^ {A~ , ; X f) /R in the complement of the image of r as 
above, and that has no convergent subsequence. These solutions have index 2 
and hence fixed energy by Corollary 16.141 (i) . By Theorem 17.21 we can pick a 
subsequence and representatives, still denoted by S"^, that converge to a bro- 
ken trajectory (Si, . . . , S^) modulo bubbling. By transversality we do not have 
solutions of negative index, so Corollary 17.41 implies that there is no bubbling, 
and the index identity in Theorem 17. 21 implies £ < 2. In the case £ = 1 we would 
obtain a convergent subsequence from Theorem 17.51 hence the limit must be 
a broken trajectory with two index 1 solutions and an irreducible intermediate 
critical point B. The time-shifts and gauge transformations in Theorem 17. 21 can 
be chosen such that the limit (2i , S2) consists of the fixed representatives used in 
the definition of tt- Now the assertion of Theorem l7.7l (ii) can be reformulated 
as 

for := i(s^ - s^') 00. Then, by TheoremlO (iii), [E"] lies in the image of 
T for sufficiently large i^, in contradiction to the assumption. □ 

10 Coherent orientations 

Let y be a compact oriented Riemannian 3-manifold with boundary dY — S 
and C C -4(1]) be a gauge invariant, monotone, irreducible Lagrangian subman- 
ifold satisfying (Ll-3) on page[7l In this section it is essential that we restrict to 
the case of Y being connected with nonempty boundary, so that the gauge group 
G{Y) is connected. The construction of orientations for closed Y can be found 
in [9l 5.4]. Fix a perturbation hf such that every critical point of CSc + hf 
is nondegenerate and every nontrivial critical point is irreducible (see Defini- 
tion For every pair of irreducible critical points , e Crit(C5£ + hf) 
we consider the space 

A(A~,A'^) := \AeA(RxY,C)\AUss+i]xY — ^ Ods exponent.}, 

which consists of smooth connections A ~ (f>ds + ^ on K x F that are given by 
paths $ : M ^ ri°(F, g) and ^ : R ^ A{Y, C) that converge exponentially with 
all derivatives to and A*, respectively, as s — > ±00. If we allow the limits A^ 
to vary within gauge orbits of critical points, we obtain the spaces 

A{[A-],[A+]) -.^ U A{{u-rA-,{u+rA+). 

We denote by 

Or([A-], [A+]) :^ □ Or(PA) - A{[A-], [A+]) 

A(iA([A-UA+]) 
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the principal Z2-bundle whose fibre over A G A{[A ], [A~^]) is the set Or(X>A) 
of orientations of the determinant hne 

det(I?A) := A'"^''(kerI?A) ® A'"^'^ (cokerpA) * ■ 

Here 2?a is the linearized operator pTjl . Any homotopy [0, 1] A{[A~], [A'^]), 
A H- > A\ induces an isomorphism 

Or(I?Ao) ^ Or(I?Aj 

by path lifting. A gauge transformation w S x F) which converges expo- 
nentially to e G{Y) as s — > ±00 gives rise to a bundle isomorphism 

u* : Or{A-,A+) Or{{u-yA-, {u+)*A+) 

induced by the conjugate action of u on kernel and cokernel. The pregluing 
construction in p06p for Ai e A{Bo, Bi) and A2 G A{Bi,B2) induces a natural 
isomorphism 

(TT : Or(I?Ai) ® Or(I?Aj ^ Or(I?Ai#TAj 

for sufhciently large T . If both I?Ai and I?a2 are surjective, then I?Ai#tA2 is 
surjective for T sufficiently large, by estimates as in the proof of Theorem 17.71 
and ut is induced by the isomorphism ker(I?Ai) x ker(I?A2) ~* ker(I?Ai#TA2)- 
The general case is reduced to the surjective case by the method of stabilizations 
as in [TTl Section 3(a)]. 

We will also have to glue connections over S'^ to connections over M x F. 
For that purpose we denote by A{Pu) the space of connections on the bundle 
Pu that is obtained by gluing two copies of x S"* with the transition function 
u G Q{S'^). Then for every A G A{A~ ,A'^) and S„ G A{Pu) we can construct 
a preglued connection A#tSu G A{A^ A'^) by taking the connected sum 
(R X Y)^qdtS* and trivializing the induced bundle over R x Here we denote 
by Dt C M. X Y the ball of radius centred at {0,y) for some y G int(y), 
and after the trivialization we have 

(A#tS„)|(rxf)\Dt = "w*^ 

for a gauge transformation u on (R x F) \ Dt with uIodt — u- We fix these 
extensions such that u\(-oo,-i]xy = 1 and u|[i,oo)xy = 1) and hence uIrxOY 
defines a path u : M ^ GC^) with u{s) = 1 for |s| > 1. A partial integration 
on [—1, 1] X Y then shows that the degree of this loop is deg(u) = deg(M). So 
we have both A, A#t2u G A{A~ , A~^), but the homotopy classes (of paths in 
£ with fixed endpoints) of A\qy and (A#TS„)|ay differ by deg(u). The de- 
terminant line bundle over the contractible space A{Pu) is canonically oriented 
(compatible with gauge transformations, homotopies, and gluing, see e.g. [10|, 
Proposition 5.4.1]), and as before pregluing induces an isomorphism 

ar : Or(I?A) ® Ot{VeJ ^ Or(I?A#^Hj 

for T sufficiently large. The various isomorphisms, induced by homotopies, 
gauge transformations, and pregluing, all commute in the appropriate sense. 
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Definition 10.1. A system of coherent orientations is a collection of sec- 
tions 

A{[A-], [A+]) ^ Ot{[A-], [A+]) : a ^ OA, 

one for each pair [A~], e Crit(C<S£ + hf)/Q{Y) \ [0] of nontrivial gauge 
equivalence classes of critical points, satisfying the following conditions. 

(Homotopy) The sections a : AdA"], Or{[A~], [A~^]) are continuous. 

In other words, if [0, 1] A{[A~], : A i-^ is a continuous path, 

then the induced isomorphism OvCDao) — > Or('DAi) sends oaq to oai- 

(Equivariance) For every A e A{A~,A'^) and every u G Q{R x Y) that con- 
verges exponentially to G Q{Y) as s ^ ±oo we have 

Ou'k = U*Oa. 

(Catenation) Let A e A{Bo,Bi) and A' e A{Bi,B2), then for T sufficiently 
large we have 

OA#tA' = O-t{0a (S) OA')- 

(Sum) Let A s A{A-,A+), u e G{S^), andEy, e A{Pu), then for T sufficiently 
large we have 

oa#tE„ = o-t{oa oh„). 

(Constant) // A = A~ = A+, then oa is the orientation induced by the canon- 
ical isomorphism det('DA) — > R. (Under this assumption Va is bijective.) 

Remark 10.2. (i) The (Equivariance) axiom follows from the (Homotopy) 
axiom. To see this note that, since Y is connected with nonempty boundary, 
the gauge groups G{Y) and hence 5(R x Y) are connected. (Here we do not fix 
the boundary values or limits of the gauge transformations.) The claim then 

follows from the following observation. 

(ii) For every continuous path [0,1] ^ G{M. x Y) : X i-^ ux with uq = 1 the 
isomorphism : det(I>A) — > det(I>„*A) coincides with the isomorphism induced 
by the homotopy A m^A. To sec this consider the continuous family of paths 
[0,1] ^ Q{R X Y) : X 1-^ Urx for r G [0, 1]. Then the assertion holds obviously 
for r = (both maps are the identity) and hence, by continuity, for all r. 

Theorem 10.3. Fix representatives Si, ... , B^, one for each nontrivial gauge 

equivalence class in Crit(C5£ + hf)/Q{Y) \ [0], connections Ai G A{Bi, Bi+i), 
and orientations Oi G Ov(T>Ai) for i = 1, . . . , N — 1. Then there is a unique 
system of coherent orientations oa G Or (Da) such that oa^ = Oi for all i. 

The proof of this theorem will make use of the following lemma. 

Lemma 10.4. Fix a pair A^ G A{Y,£) of irreducible and nondegenerate critical 
points ofCSc + hf. Let [0, 1] [A+]) : X i-^ Ax be a smooth path and 

u G Q{R X Y) such that Ai — u*Aq. Then the isomorphism 

u* : Or(I?Ao) ^ Or(I?Aj 
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agrees with the one induced by the path X i— > Ax ■ In particular, the orientation 
bundle Oi{[A~], [A'^]) —f A{[A^], admits a trivialization. 

Proof. By continuity, it sufRces to prove the identity under the asumption 
dsAx{s) = 0, $a(s) = 0, and dsu{s) — for \s\ > 1. Then there are paths 
[0, 1] g{Y),X^^ vf such that {v^)*Axis) = A~ fors < -1 and {v^)*Ax{s) = 
A'^ for s > 1. We can replace A^ by {{v^)~^)* A^ and thus assume in addition 
that — 1. Now there is a smooth map [0, 1] x R — + G{Y) : (A, s) i— > ux{s) 
such that Mo = 1, ux{s) = for s < —1 and ux{s) = for s > 1. Define 

:= u*^^Ax, Uq^uUt 

for every t e [0, 1]. Then we have A[ = {u'^)*Aq. By continuity, the assertion 
now holds for r = 1 if and only if it holds for r = 0, that is for the original pair 
({Aa}, u). For T = 1 we have A\{s) = A"^ and ^^(s) = 1 for ±s > 1. 

Finally, we prove the lemma in the case Axis) = A^ for ±s > 1. For 
T > 2 we define the catenation 1^ := $^ds + e A{R/2TZ x Y,C) and 



G g{M./2TZ X Y) by 






Blis) ] 


r Axis), 
I AoiT- 


-T/2 < s< T/2, 
- s), T/2 < s < 3T/2, 


:= ] 


r ^x{s). 


-T/2 < s< T/2, 
~s), T/2 < s <3T/2, 


u^is) := ] 


r u{s), 
1 1> 


-T/2 < s < T/2, 
T/2 < s < 3T/2. 



Then Sj(s) = A± and $1 = for ±s G [1,T- 1]. Moreover we have 
= {u'^)*Mq . For T sufficiently large the linear gluing theory gives rise to a 
continuous family of isomorphisms 

: Or(pAj ^ Or(I?„T), 

where V^t denotes the anti-self-duality operator on M/2TZ x Y introduced in 
Section m The gluing operators commute with the gauge transformations, i.e. 

^Jou* = (u^)* o : Or(I?Ao) ^ Ot{V^t). 

The isomorphisms induced by the homotopies A s- Aa and A i-^ satisfy the 
same relation. By Theorem 14.31 (iv) (with v — T), the isomorphism {u'^)* : 
Or(I?BT) Or (Pgr) agrees with the one induced by the path A i-^ Bj. Hence 
the same holds for u* and this proves the desired identity. 

To see that Or([A^], ^ ^([A^], admits a trivialization we only 

need to check that parallel transport around loops induces the identity isomor- 
phism on the fibre. This follows immediately from the identification of the 
homotopy induced isomorphism with u* : Or(I?Ao) — * 0''(^Ao) for m = 1. □ 

Proof of Theorem \10.3[ The orientation bundle over the constant component of 
^([-Bi], [Bi]) is canonically oriented by the (Homotopy) and (Constant) axioms. 
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The orientation on the other components of [Bi]) is determined by the 

(Sum) axiom because any connection A S [Bi]) is homotopic to Bi#T5„ 

for the constant solution B; = Bi, a connection !E„ over 5^ associated to a non- 
trivial u € G{S^), and any T > 0. Indeed, since G{Y) is connected, A can be 
homotoped to a connection with fixed limits in A{Bi, Bi). Moreover, there is a 
homotopy equivalence A{Bi, Bi) C°°(S'^,£) which assigns to each connection 
A S A{Bi,Bi) a based loop in C obtained from the path A|gy : M £ with 
endpoints Bi\gY- Now, by (L2), the loop Ajgy in C is homotopic to u*Bi\gY 
for some loop ii : ^ G{^)- Hence A is homotopic to Bi^T^n for the as- 
sociated u G G{S^)- Similarly, the orientation bundle over [Bj+i]) is 
oriented by oa; and the (Homotopy) and (Sum) axioms, because any connection 
in ^([Bi], [Bi+i]) is homotopic to Ai#TS„ for some u G G{S^)- Finally, the 
orientation bundles over general spaces [Bj]) are oriented by the (Cate- 
nation) axiom and the previously fixed orientations. This proves uniqueness. 

To establish existence note that, by Lemma [10.41 we have a choice of two 
possible orientations over every component of each [^4+]). Each of the 

possible combinations of choices satisfies the (Homotopy) axiom by construction. 
To see that the choices can be made such that the (Constant), (Catenation), 
and (Sum) axioms are satisfied (and so the (Equivariance) axiom follows from 
Remark 110. 2p . one needs to check that the isomorphisms in the (Catenation), 
(Sum), and (Homotopy) axioms all commute. For example, let A;^ e A{Bi,Bj) 
and A';i^ e A{Bj, Bk) be smooth families parametrized by A G [0, 1] and denote by 

p : Or(I?Ao) ^ Or(I?Aj, p' ■ Or(I?A;,) ^ Or(I?Ai)> 
p^ : Or(X>Aa#TA;,) Or(X>Ai#TAi) 

the isomorphisms induced by the homotopies A ^-^ Aa, A^, and Aa#A^. Let 

al : Or(I?Aj ® Or(I?A'J ^ Or(I?A.#.A'J 

denote the catenation isomorphisms for T sufhciently large. A parametrized 
version of the linear gluing construction then proves that 

(Ti O (p (g) p ) = p O (Jq . 

A similar statement holds for the (Homotopy) and (Sum) isomorphisms. That 
two ( Catenation ) isomorphisms commute is a kind of associativity rule modulo 
homotopy and the proof involves a simultaneous gluing construction for three 
connecting trajectories; similarly for the commutation rules of the (Sum) and 
( Catenation) isomorphisms. All these arguments are exactly as in the standard 
theory and the details will be omitted. □ 

11 Floer homology 

Let y be a compact connected oriented 3-manifold with boundary dY — E and 
C C ^(S) be a gauge invariant, monotone, irreducible Lagrangian submanifold 
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satisfying (Ll-3) on page [71 Fix a Riemannian metric g on a regular per- 
turbation (7, /) g Tm X as in Theorem 18. 4[ and a system = {oa}a of 
coherent orientations as in Theorem 110.31 Associated to these data we define a 
Floer homology group HF(F, £; g, f, 0) as follows. 

Since the trivial connection is nondegenerate by (L3), the set 



{A e A{Y) I Fa + Xf{A) = 0, A\sy e C}/g{Y) 



of gauge equivalence classes of critical points oiCSc + hf is finite, by Proposi- 
tion [2171 The nontrivial critical points determine a chain complex 

CF(y, £;/):= 

lA]enf\[o] 

with a Z/8Z-grading /iy : TZf Z/8Z defined by the spectral flow (see Corol- 
lary [OS)- We emphasize that the spectral flow is invariant under homotopies 
of the metric and of the perturbation with fixed critical points. To define the 
boundary operator we consider the space 



M{A-,A+;g,Xf 



A + $ds 
G A{R X Y) 



dsA - dA'^> + *{Fa + 
A{s)\^eC VseR 
lims-.±oo A{s) = A± 
*l{kl>i} = 



Xf{A)) = 



E 



< 00 



> . 



This space is invariant under the group g{A , A'^) of gauge transformations 
u £ C/(M X Y) that satisfy u{s) = G Qa± for ±s > 1. The quotient spaces 
A4{A~ , A^; g, X f )/Q{A^ , A") are canonically isomorphic for different choices 
of representatives A^ of critical points. The index of the linearized operator at 
[A] is Sf{A) = ^f{A~) — fif{A'^) (modulo 8). For G Z we denote the index k 
part of the Floer moduli space by 

M''{A-,A+;g,Xf) := {[A] G M{A- ,A+-g,Xf)/giA- ,A+) \ Sf{A) = k}. 

For k < 7 this is a smooth fc-dimensional manifold (see Section [HI and Defini- 
tion [ST^]). The energy of a solution in this space is Ef{A) = ^TT'^{k + rif{A~^) — 
r]f{A^)) by Corollarv l6.14l (i). and hence is independent of A. Moreover, R acts 
on M'^ {A^ , A'^ ; g , X f) by time-shift, and the action is proper and free unless 
A^ = A+ and k = 0. For /c = 1 the quotient space M'^iA' , A+; Xf)/R is a 
finite set, by CoroUarv 17.61 Counting the elements with signs gives rise to a 
boundary operator on CF(Y, C; f) via 



d{A-) J2 



E 



KA) {A^ 



(114) 



[A+]eTZf\[0] 



]eM^A- ,A+■g,Xf 



ileTe i^(A) := 1 whenever the element dsA G kerI?A = det(I?A) is positively 
oriented with respect to oa and i^{A) := — 1 otherwise. The next two theorems 
are the main results of this paper; their proofs take up the rest of this section. 
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Theorem 11.1. The operator d : CF{Y,£-:f) -> CF(F, £, /) defined by 
satisfies d o d = 0. 

The Floer homology group of the pah {Y, C) equipped with the regular 
data {g,f,o) is defined by 

HVrv r f = kera:CF(y,/:;/)^CF(y,/:;/) 
nri^i,^,g,j,o) . .^^ ^^^^^ ^_ ^ ^^^^^ . 

The next theorem shows that it is independent of the choices of metric, pertur- 
bation, and coherent orientations. 

Theorem 11.2. There is a collection of isomorphisms 

$/3a :HF(r,£;.g",r,o") ->HF(r,£;/,/^,o''), 
one for any two regular triples {g" , o") and {g^ , f^, o^), such that 

$7/3 o = $7«^ $""=Id (115) 

for any three regular triples (5", 0"), {g^ , 0^), and (g^, /'•', 0'''). 
Proof of Theorem [Tn\ For e 7^/ \ [0] denote 

n{A-,A+):= ^ 

[A]eA1i(A-,A+;g,X/)/R 

Then the equation 9 o 9 — is equivalent to the formula 

^ n{A- ,B)n{B.,A+)^Q (116) 
[B]e-R./\[o] 

for aU A± e 7^/ \ [0]. The proof of (fTTC]) is exactly as in the standard case. 
One studies the moduli space A^^(yl~, ^+)/M. This is a 1-manifold, oriented 
by the coherent orientations of Theorem 110.31 By Corollary 19.31 its ends are 
in one-to-one correspondence with pairs of trajectories in A^^(A~, B\ Xf)/M. x 
M.^{B^ y4+; Xf)/M. for any critical point [B] g 7?./\ [0], which are exactly what is 
counted on the left hand side of (|116p . By the ( Catenation) axiom in Section [TUl 
the signs agree with the orientation of the boundary of M."^ {A" , A'^ \ X f) /M.. 
Hence the sum must be zero and this proves 5 5 = 0. □ 

Proof of Theorem \11.2\ That the Floer homology groups are independent of the 
choice of the system of coherent orientations is obvious; two such systems give 
rise to isomorphic boundary operators via a sign change isomorphism (with 
±1 on the diagonal). To prove the independence of metric and perturbation, 
we fix two Riemannian metrics on Y and two sets of regular perturba- 
tion data (7^,/*). We will construct a chain map from GY{Y,C;g~ ^ f~) to 
CF(y, £; g+, /+) following the familiar pattern. As in the closed case we choose 
a metric g on R x 1" such that g — g^ for ±s sufficiently large. However, 
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unlike the closed case this metric cannot necessarily be chosen in split form 
since it is required to be compatible with the boundary space-time splitting in 
the sense of Definition 16.21 (see Example 16.41 or [551 Example 1.4]). Next we 
choose a holonomy perturbation X : A(U. x Y) ri^(R x Y,g) of the form 
X = pXf- + (1 - P)Xf+ + Xf, for some cutoff function /3 e C°°(M, [0, 1]) and 

This uses thickened 
X y, so that we have 



a further holonomy perturbation Xfi as in Definition 
loops -f'^ : X ^ M. X int(y) in a compact part of . 



X = Xf± for ±s sufficiently large. This perturbation is still gauge equivariant 
but no longer translation invariant. We use these interpolation data to set up 
the 4-dimensional version of the perturbed anti-self-duality equation on K x y 
as described in Section [HI For critical points GTZf±\ [0] from the two Floer 
chain complexes we consider the space of generalized Floer trajectories 



M{A-,A+;~g,X) := 



E = A + $ds 
G AiR X Y) 



Fh+X(S) + *,(Fh4 
A{s)\^ e C VseR 
lim,^±oo A{s) = A± 
$l{|.|>i} = 
Ef{E) < 00 



X(S)) = 



Here *g denotes the Hodge operator on M x y with respect to the metric g. 
This space is invariant under the gauge group Q{A^ , A'^) as before, and if the 
perturbation X is regular, then the quotient A4{A~ , A'^; g, X)/0{A'^ , A^) will 
be a smooth manifold whose local dimension near [A] is given by the Fredholm 
index (5(A) = /ij- (A^) — (modulo 8). By transversality arguments 
similar to Section [H] we can find a perturbation Xf (and thus X) such that the 
linearized operators of index less than or equal to 7 are indeed surjective. Thus 
we obtain smooth fc-dimensional moduli spaces 



M''{A-,A+;g,X) {[A] e M{A- ,A+;g,X)/g{A- ,A+) 



k} 



for k < 7. The 0-dimensional moduli spaces are compact by the same analysis 
as in Section [71 Namely, the main component will converge to a new solution 
without time-shift; energy cannot be lost by bubbling or by shift to ±oo since the 
remaining solution would have negative index. So - again using the orientations 
from Section [Tni~ we can define a homomorphism 

$ : GF{Y,C;g-J-) -> CF(y, £; g+, /+), 

which preserves the grading and is given by 



E 



E 



KA) {A^ 



[A+]GTC^.+ \[0] \A£MO{A- ,A+;g,X) 



This time the linearized operator is bijective, so det(I?A) is canonically isomor- 
phic to M, and the sign i^(A) = ±1 is obtained by comparing the coherent 
orientation o& with the standard orientation of M. 
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As in the standard theory there are three identities to verify (e.g. [551 Sec- 
tion 3.2]). First, we must prove that $ is a chain map, i.e. 

a+o$ = $oa". (117) 

This is proved just Hke the formula d o d = m Theorem lll.il In this case the 
relevant 1-manifold is the moduli space Ai^ {A~ , A'^ ; g , X) . A compactness and 
gluing theory similar to Corollary 19.31 identifies the ends of this moduli space 
with the pairs of trajectories in A4^ {A^ , ; , X f-) x A4'^{B^ ,A^]g,X) for 
[B-] e TZf- \ [0] and in M°{A~ ,B+;g,X) x MHB+ , A+; g+ , Xf+) for [B+] G 
Tlf + \ [0]. Summing over these oriented ends of a 1-manifold then proves that 
$ satisfies ()117p and hence descends to a morphism on Floor homology. 

Second, we must prove that the induced map on homology is independent of 
the choices. Given two such maps $o, $1 : CF(F, £; g~ , f~) GF{Y, C; g~^ , f~^) 
associated to {go,Xo) and {gi,Xi) we must find a chain homotopy equivalence 
H : CF(Y,C;g-J-) ^ CF(r, £; 5+, /+) satisfying 

^i-<i>o = d+ oH + Hod^. (118) 

To construct H we choose a 1-parameter family {g\, ^a}o<a<i of interpolating 
pairs of metric and perturbation. By Lemma 16.51 the metrics can be inter- 
polated within the space of metrics that are equal to g± over the ends and 
are compatible with the space-time splitting of the boundary. The perturba- 
tions Xx can be chosen as convex combinations. We then add further compactly 
supported holonomy perturbations for < A < 1 to achieve transversality of 
the parametrized moduli spaces 

M''{A-,A+-{gx,Xx}) {(A, [A]) | [A] e M^A' ,A+-gx,Xx)}. 

For k = —1 these are compact oriented 0- manifolds which we use to define H: 

H{A-):^ E ( E KA,A)|(A+). 

[A+]^nf^\[o] \{\.A)eM-HA- ,A+:,{gx,Xx}) J 

The linearized operator has a 1-dimensional cokernel which projects isomorphi- 
cally to M and i/(A, A) is the sign of this projection. To prove (|118|) one stud- 
ies the 1-dimensional moduli space Ai'^ {A~ , A~^ ; {g\, X\}) in the usual fashion 
with the contributions of $0 corresponding to the boundary at A = 0, the con- 
tributions of $1 to the boundary at A = 1, and the contributions on the right 
in (|118[) to the noncompact ends with < A < 1. These ends have either 
the form of a pair in M^^iA' ,B+-{gx,Xx}) x M'^{B+ , A+ ; g+ , Xf+)/M. with 
[B+] e 7^/+ \{[0]} or in M^A' , B' ; g- , X f-)/R x M'^B' , A+; {gx, Xx}) 
with [B^] e T^f- \ {[0]}- Counting all the ends and boundary points with 
appropriate signs proves that H satisfies (|118l) . 

Third, we must establish the composition rule in (|115[) for three sets of 
regular data {g", /"), {g^ , f^), {g'' , f). We choose regular interpolating metrics 
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and perturbations to define and ^'^^ on the chain level. The catenation 
(with gluing parameter T) of these data gives rise to a regular interpolation 
from {g°',f°') to {g'^,P) for T sufficiently large. The resulting morphism ^^Tj? 
will then, for large T, agree with '^^^ o <I>^" on the chain level. This follows from 
a gluing theorem as in Section [5] and compactness arguments as in Theorem l7.7l 
and CoroUarv 19.31 In particular, the breaking of connecting trajectories in the 
limit T — > cx) at the zero connection is excluded since the stabilizer Qq C G{Y) 
adds 3 to the index of the glued connection (compare with Remark 19.21 or use 
index inequalities as in CoroUarv 17. 41 V Again, the orientations are compatible 
with the gluing by the (Catenation) axiom. The upshot is that, for suitable 
choices of interpolating data, equation (|115p already holds on the chain level. 

Once these three relations have been established one just needs to observe 
that is the identity on the chain level for the obvious product metric and 
perturbation on K x F. It follows that each $ induces an isomorphism on Floer 
homology. This proves Theorem 1 11. 21 □ 

A The spectral flow 

In this appendix we adapt the results of [25 to families of self-adjoint operators 
with varying domains. Similar results have appeared in various forms (see [51 

MM)- 

Let H he a, separable real Hilbert space. Throughout we identify H with its 
dual space. We consider a family of bounded linear operators 

A{s) : W{s) H 

indexed by s G R. Here W{s) is a Hilbert space equipped with a compact 
inclusion W{s) C H with a dense image. We formulate conditions under which 
the unbounded operator 

on L'^{M.,H) is Frcdholm and its index is the spectral flow of the operator 
family s t-^ A{s). In contrast to 25J the domain of A{s) varies with s e M. Our 
axioms give rise to an isomorphic family of operators with constant domain but 
which are self-adjoint with respect to inner products which vary with s g M. 
More precisely, we assume that the disjoint imion LlggR Wis) is a Hilbert space 
subbundle ofM. x H in the following sense. 

(Wl) There is a dense subspace Wq C H with a compact inclusion and a family 
of isomorphisms Q{s) : H ^ H such that Q{s)Wq = W{s) for every s € M. 

(W2) The map Q : R — > C{H) is continuously differentiable in the weak oper- 
ator topology and there is a Cq > such that, for all s € R and ^ G Wq, 

Cq^II^IIwo < \\Q{s)^\\w{s) <Co\\£,\\woi 

mm\H + \\dsQ{s)aH<cm\H. 
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(W3) There exist Hilbert space isomorphisms G ^{H) such that 

hm \\Q{s)-Q^ciH)^0. 

Two triviaUzations Qi, Q2 : K 'C(iJ) satisfying (Wl-3) with Woi, W^02, respec- 
tively, are called equivalent if there is a family of Hilbert space isomorphisms 
$(s) e C{H) such that 

Ms)Woi=Wo2, Q2(S)$(S) =Ql(5) 

for every s, the map $ : R ^ ^{H) is continuously differentiable in the weak 
operator topology, the map $ : R £(Woi,Wo2) is continuous in the norm 
topology, sup^gg llf^s*i'('S)||£(ff) < 00, and there exist Hilbert space isomorphisms 
$± e C{H) n C{Woi, W02) such that 

lim =0. 

Remark A.l. To verify (Wl-3) it suffices to construct local trivializations on 
a finite cover K = IJ [/„ that satisfy these conditions (where condition (W3) 
is only required near the ends) and that are equivalent over the intersections 

Ua n Up. 

We now impose the following conditions on the operator family A. Again, 
it suffices to verify these in the local trivializations of Remark lA.ll 

(Al) The operators A{s) are uniformly self-adjoint. This means that for each 
s G M the operator A{s) when considered as an unbounded operator on H 
with dom A(s) — W{s) is self-adjoint and that there is a constant ci such 
that 

for every s G R and every ^ G W{s). 

(A2) The map B := Q^^AQ : R — > C{Wo,H) is continuously differentiable in 
the weak operator topology and there exists a constant C2 > such that 

\\B{s)^\\h + \\dsB{s)aH < cMwo- 
for every s G R and every ^ G Wq. 
(A3) There are invertible operators B^ G C{Wo,H) such that 

hm ||i3(s)-S±|U(^„,a) =0. 

Given a differentiable curve ^ : R ^ iJ with ^(s) G W{s) for all s G R we 
define -.R^ H hy 

{VO{s)=d,a^)+A{s)as). 
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This map extends to a bounded linear operator 

V : M^i'2(R, H) n ^^(M, W) L^{R, H). 
Here L''{R,W) {Qt^o \ 770 G L'^iR^Wo)] is a Hilbert space with the norm 

As. 



— 00 

By (W2) this norm is equivalent to the norm on L-^(M, Wq) under the isomor- 
phism rj Q^^f]- We will prove the following estimate, regularity, and index 
identity. 

Lemma A. 2. There exist constants c and T such that 

for every W^''^{R, H) n L'^(R, W). 

Theorem A. 3. Suppose that £,,ri £ L'^{R,H) satisfy 

\ dMs) - A{s)^{s\ i{s) ) + ( ^{s\ rj{s) ))ds = 



for every test function ip :R ^ H such that Q ^ip E Cg(Ili, Wq). Then 

Theorem A. 4. The operator T> is Fredholm and its index is equal to the upward 
spectral flow of the operator family s 1-^ A(s). 

As in the case of constant domain the spectral flow can be defined as the 
sum of the crossing indices 

/i.pcc(A) sign s). (119) 

s 

In the present case the crossing form r{A, s) : ker j4(s) ^ R is defined by 

d 



{m,A{s+t)m). 



t=0 



where £,{t) e W{s + t) is chosen such ,^(0) = £, and the path 1 1-^ A{s + t)^{t) G H 
is differentiable (for example £,{t) := Q{s + t)Q{s)^^^); the value of the crossing 
form at f is independent of the choice of the path t 1-^ ^{t). We assume that 
the crossings are all regular, i.e. r(A, s) is nondegenerate for every s G R with 
ker^(s) ^ {0}. Under this assumption the sum in (|119p is finite. 

Two operator families Ai{s) : Wi{s) H and A2{s) : ^2(5) H with 
the same endpoints A^ are called homotopic if they can be connected by an 
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operator family A\{s) : W\{s) H, 1 < \ < 2, with the following properties. 
There is a family of Hilbert space isomorphisms Q\{s) : H ^ H that is con- 
tinuously differentiable in A and s with respect to the weak operator topology 
and satisfies Q\{s)Wo = W\{s) as well as conditions (W2-3) uniformly in A. 
Moreover Ax{s) satisfies (Al-3) with constants independent of A and the map 
[1,2] X R ^ C{Wo,H) : (A, s) i-> Q\{s)'^Ax{s)Qx{s) is continuously differen- 
tiable in the weak operator topology. 

The spectral flow has the following properties: 

(Homotopy) The spectral flow is invariant under homotopy. 

(Constant) If W{s) and A{s) are independent of s e K then ^spcc{A) = 0. 

(Direct sum) The spectral flow of a direct sum of two operator families A and 
B is the sum of their spectral flows, i.e. 



(Catenation) The spectral flow of the catenation of two operator families Aqi 
from Aq to Ai and A12 from Ai to A2 is the sum of their spectral flows. 



(Normalization) For W ^ H = R, A{s) — arctan(s) we have /Xspcc(^) — 1- 

The spectral flow is uniquely determined by the homotopy, constant, direct sum, 
and normalization axioms. The proof is the same as that of [25j Theorem 4.23] 
and will be omitted. 

Proof of Lemma \A.SX The proof is analogous to that of [221 Lemma 3.9]. The 
only difference is in the first step where we prove the estimate with T = 00. For 
every ^ : E ^ iJ such that r/ Q-^( e C^(R, Wq) we have 



Mspcc 

{A®B)= Hspcc{A) + Mspcc(B). 



I.e. 



fJ-spcc (^12). 




The last summand can be estimated by 



2 





— OC 



(2( {dsQ)v, AQt^ ) + ( QdsTi, AQt^ ) + {Qti, AQdsV >) ds 




r (^{{dsQ)v,QBv) - {Qv,{dsQ)B7^) - {Qv,Q{dsB)r,))ds 



< c||^||i2(R^^)||^||i2(R^Vl/) 
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with c :— 3cqC2. Here we used partial integration and the identity AQ = QB. 
Now use (Al) to obtain 

m\\iHR,H) 

> WUWmR^H) + (2ci)-^||eili.(K,;v) - (1 + ml^iw 

This proves the estimate for T = oo. □ 
Proof of Theorem \A.3[ We foUow the hue of argument in Thm. 3.10]. 
Step 1: Define ^o,Vo e L'^{M.,H) by 

?o(.s) g(s)*C(s), Vo{s) g(s)*r;(s) + (a,Q(s)*)C(s). 
T/ien ^0 e W^'^{R,W^) and 

dsM = -B{sr^o{s)+Vo{s). (120) 
To see this we calculate for (po G Co^(M, Wq) 

(9s(^o,Co)if ds = / (9s((3¥'o) - (9s(9)<^o,C)ff ds 

-OO 'J — oo 

((^Qv'OiOh - {Q'Po,v)h - {{dsQ)ipa,^)H^ ds 

((¥'o,^*& - ??o)wo,w*) ds. 

Here the self-adjoint operator A{s) extends to an operator in C{H, W{s)*) which 
we also denote by A{s). We denote the dual of the trivialization Q{s) by 
Q(s)* e C{H), which extends to an isomorphism W{s)* Wq. With this 
we can write B* = Q* A{Q*)^^ for the dual operator family of S = Q^^AQ, 
which is continuously differentiable in C{H, Wq) with a uniform estimate dual 
to that in (A2). So we have B*^o — ?7o G L'^i^,WQ ), and since the derivatives 
of test functions ipo are dense in L^(M, Wq) this implies Step 1. 

Step 2. Suppose that ^ and rj are supported in an interval I such that for all 
s e / the operator B{s) : Wq H is bijective and satisfies a uniform estimate 

\\B{sy^\\c{H.Wo) < c. 

Fix a smooth function p : M — > [0, oo) with support in (—1, 1) and J p — 1 and 
denote by ps{s) = S^^p{S^^s) for i5 > the standard mollifier. Then we find a 
constant C such that ps * (Q^^C) G H) n L'^{R, Wq) for all d > and 

\\VQ{ps*iQ''m\L-(R.H)<C. 
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Multiply equation by (5*)-^ to obtain = {B*)-^{ria - a^Co) and note 

that Q^^S, — {Q*Q)^^S,o- Then convolution gives 

PS * {Q~'0 

= PS * {ds{{B*Q*Q)-')^o + iB*Q*Q)-'vo) - Ps * {{B* Q* Q)-' ^o) 
^P5* Co -PS* {{Q*QB)-'^o) 

with Co = ds{iQ*QB)-^)£_o + iQ*QB)-h]o G L^{R,Wo). This takes values in 
Wo since 

{B*Q*Q)-' = Q-^A-\Q*)-' = B-\Q*Qy' (121) 

and its derivative are uniformly bounded in C{H, Wq). 

So, after convolution, Q[ps * {Q~^£,)) li^s in the domain of V and 

Q-'VQ{ps * iQ-'O) 

= PS * {Q-'O + Q-\dsQ){p5 * + B{ps * (Q-'O) 

= B{B-' {ps * (Q'^O) - PS * {iQ*QB)-'^o)) 
+ Q-\dsQ){ps * iQ-'O) + B{ps * Co) 
The second line is unifomly bounded in L^(K, H). For the first term we have 

\\B-'{ps * {Q-'0){s) ~ PS * ((Q*QS)-ieo)(5)L^ ds 



— OO 

/oo /'OO 
/ lleoWllndtds 
-OO ^ — OO 

/•oo 

< c\\p\\mv) \ IICoWIIh dt. 



-s <J 



Here the constant C contains a uniform bound for dgB ^ = —B ^{dsB)B ^ 
on I. This proves Step 2. 

Step 3. ^ G M^i'2(R, iJ) n W) and V( = r;. 

Under the assumptions of Step 2 it follows from Lemma [A. 2 1 that ps * {Q^^£,) 
is uniformly bounded in W := ^^(R, Wq) D W^'^{R, H) for all 6 > 0. So there 
is a sequence ^ such that ps^ * {Q~^0 converges weakly in W. The 
limit has to coincide with the strong L^(R, iJ)-limit Q~^£,- Thus we have ^ G 
L2(M, w) n W^'^{m, H). Now it follows from and that 

PC - (Q*)"'a,eo - {Q*y\dsQ*){Q*r\o + B{Q*r'^o 

= V-{Q*r'B*^o + B{Q*y'(o = V- 

This proves the theorem under the assumption that f and 77 are supported in an 
interval on which B is bijective. In general, one can cover the real axis by finitely 
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many open intervals on which Ail + B{s) : Wo H has uniformly bounded 
inverses for some A G M. Then one can use a partition of unity argument to 
deduce the regularity and equation for ^ on each interval. □ 

Sketch of proof of Theorem \A.^\ By Lemma IA.2I the operator T> has a finite 
dimensional kernel and a closed image. By Theorem IA.3I the cokernel of V is 
the kernel of the operator V' with A replaced by ~A. Hence the cokernel of V 
is also finite dimensional and thus V is Fredholm. 

To prove the index identity one verifies as in [25l Theorem 4.1] that the 
Fredholm index satisfies the axioms on page lll21 which characterize the spectral 
flow. For the homotopy and the direct sum property one can extend the proofs 
in [25] without difficulty to nonconstant domains; the constant and normaliza- 
tion properties are immediate since they only refer to constant domains. □ 

We conclude this appendix with a version of the index identity for twisted 
loops of self-adjoint operators. 

Theorem A. 5. Let A{s) : W{s) H he an operator family that satisfies the 
conditions {W\ — 2), (^1 — 2), and 

W{s + \) = Q-^W{s), A{s + I) = Q-^ A{s)Q 

for every s g R and a suitable Hilhert space isomorphism Q . H ^ H . Then A 
induces a Fredholm operator V = dg + A : W ^ Ti, where 

n:^{u iL(», H) I e(s + 1) = Q-'a^)} , 

W := {e e lUR,W) n <i(M,H) I e(.s + 1) = Q-'a-^)}. 

Its Fredholm index is equal to the upward spectral flow of the operator family A 
on a fundamental domain [sq, Sq + 1]. 

Proof. The Fredholm propertv follows from Lemma lA.2l and Theorem P^.3l The 
proof of the index formula can be reduced to Theorem I A. 41 bv using the homo- 
topy invariance of spectral flow and Fredholm index, stretching the fundamental 
domain, and comparing kernel and cokernel with a corresponding operator over 
R via a gluing argument. We omit the details. For a version of the relevant 
linear gluing theorem see [HI Propositions 3.8, (3.2)]. □ 

B The Gelfand— Robbin quotient 

In this appendix we collect various results on the Gelfand-Robbin quotient, 
associated to an unbounded symmetric operator, whose Lagrangian subspaces 
correspond to self-adjoint extensions. Related results concerning the spectral 
flow and the Maslov index for Fredholm Lagrangian pairs can be found in various 
places (for example [7l[8l[25]). However, the existing literature on this subject 
does not seem to fully cover what is needed in this paper. 
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Let H he a Hilbert space and D : domD ^ iJ be an injective, symmetric, 
but not necessarily self-adjoint, operator with a dense domain and a closed 
image. Then the domain of the adjoint operator D* : domD* H contains 
the domain of D and the restriction of D* to the domain of D agrees with D. 
The Gelfand-Robbin quotient 

V := dom_D*/domi) 

carries a natural symplectic form 

u;{[xl[y]) ■■= {D*x,v) ^ {x,D*y). 

The Lagrangian subspaces A C are in one-to-one correspondence to self- 
adjoint extensions Da of D with 

domZ^A := {x G domD* | [x] G A} . 

Moreover, the kernel of D* determines a Lagrangian subspace 

Ao := {[a;] e F|a; e domD*, D*x = 0}. (122) 

The operator Da is bijective if and only if 1/ = Ao0 A. (See Lemma fB . 31 below. ) 
The domain of D* is a Hilbert space with the graph inner product 

{x,y)jj, -.^ {x,y)^ + {D*x,D*y)^ . 

The domain of D is a closed subspace because D has a closed graph. Hence 
both dom D and the quotient space V = domD* /domD inherit a Hilbert space 
structure from domD*. One can now check (using the next remark) that {V,U!) 
is a symplectic Hilbert space in the sense that the symplectic form is bounded 
and the linear map V —^ V* : v '—^ Iuj(v) := Ci;(z;, •) is an isomorphism. If A C 1^ 
is a Lagrangian subspace, i.e. the annihilator A^ C V* is given by A-'- — /ij(A), 
then A is closed and hence inherits a Hilbert space structure from V. 

Remark B.l. (i) The graph norm on domD is equivalent to the norm 

{x,y)D {Dx,Dy)^ . 

because D is injective and has a closed image. 

(ii) It is sometimes convenient to identify the Gelfand-Robbin quotient V = 
dom D* / dom D with the orthogonal complement 

V = (domD)^ = {x G domD* | D*x e domD*, D*D*a; + x ^ 0} . 

The orthogonal projection of domD* onto V along domD is given by 

domD* -^V ■.x^x-{l + D*D)-\x + D*D*x), 

where 11 -I- D*D is understood as an operator from domD to (domD)*. The 
graph inner product on V is compatible with the symplectic form and the asso- 
ciated complex structure is a; i— > Jx :— D*x, that is uj{x,Jy) = {x,y)D*- This 
shows that {V,uj) is indeed a symplectic Hilbert space. 
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(iii) In the formulation of (ii) the subspace Aq and its orthogonal complement 
are given by 

Aq ^ {x eV\3C e domDs.t. D*{x + C) = 0} = {x e V\D*x G imL>} 

and 

= L>*Ao VnimD. 

Definition B.2. A triple (V, Ai, A2) consisting of a Hilbert space V and two 
closed subspaces Ai,A2 C V is called Fredholm if Ai n A2 is finite dimen- 
sional, Ai + A2 is a closed subspace ofV, and the cosum V/{Ai + A2) is finite 
dimensional (see i^blj ): equivalently the linear operator S* : Ai x A2 ^ given 
by S{xi,X2) := X1+X2 is Fredholm. The Fredholm index of a Fredholm triple 
(y, Ai,A2) is defined by 

index(y^, Ai, A2) dim(Ai n A2) - dim(V^/(Ai + A2)) = index(S'). 

Lemma B.3. Let A d V be a Lagrangian subspace. Then Da '. domDA ^ F[ 
is a Fredholm operator if and only if (V, Aq, A) is a Fredholm triple. 

Proof. This follows from the definition and the fact that the homomorphisms 

ker D\ ^ Aq n A : a; [x], 

V H 



[D*x] 



Aq + A im Da 

are bijective. For the second map this uses Lemma lB.41 below. □ 

Lemma B.4. Let D : domD H be an infective symmetric operator with a 
closed image and a dense domain. Then 

r := {C e domD | G domi?*} 

is a Hilbert space with the inner product 

{Lv)y {^,v)h + {D^,Di^)h + {D*D^,D*Dr,)H 

and the operator D* D : Y H is an isomorphism. 

Moreover, if the inclusion dom D ^ H is a compact operator then the oper- 
ator D{D*D)^^ : H ^ H is compact. 

Proof. We prove that Y is complete. Let G F be a Cauchy sequence. Then 
^i, D£^i, D*D^i are Cauchy sequences in H. Define ^ := lim^i, x := limD^j, 
y := hmZ)*£)^i. Since D and D* have closed graphs we have G domD, 
x G domD*, = X, and D*x = y. Hence ^ G F and converges to in Y. 

That D* D : Y ^ H is injective follows from the fact that D is injective and 
{D*DC,^)h = \\D^\\% for ^ G r. Now consider the Gelfand triple 

Z CH (ZZ*, 
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where Z := domD and {^■,r\)z = {D^,Dr])H- We identify H with its dual 
space and define the inclusion iJ — > Z* as the dual operator of the inclusion 
Z ^ H . We can think oi D : Z ^ H as a. bounded linear operator and 
of its adjoint as bounded linear operator D* : H ^ Z* . Then domD* = 
{x & H \ D*x e H} . Since D : Z ^ H \s injective and has a closed image the 
dual operator D* : H ^ Z* is surjective. Now let y £ H. Then y e Z* and 
hence there exists an element x G H with D*x = y. Since D*x G H we have 
X G dom D* . Now it follows from the definitions that the kernel of D* is the 
orthogonal complement of the image of D. Since the image of D is closed this 
implies H = ker D* © im D. Hence there is a vector xa G ker D* such that 
X — Xq G im D. Choose ^ G domD such that = x — xq. Then G domZ)* 
and D*D^ = D*x — y. This proves that D*D is surjective. 

Now assume that the inclusion Z ^ H is compact. To prove that the 
operator D{D* D)~^ : H ^ H is compact we observe that 

\\x\\^, sup i^iil^ = \\DiD*D)-'x\\^ (123) 

for every x G H C Z* . Here the last equation follows from the fact that the 
supremum in the second term is attained at the vector = {D* D)~^x with 
X = D*D£^o. Now let Xi be a bounded sequence in H. Since the inclusion 
H Z* is compact, there exists a subsequence Xi^. which converges in Z* and 
it follows from p23p that the sequence D[D*D)~^Xi^, converges in H. This 
proves the lemma. □ 

Remark B.5. (i) By Lemma|B3]the subspaces Aq and A,^ oiV in Remark IB. II 
can also be written in the form 

Aq = e domZ?* I D*x + D{D*D)-'^x = O} = ker(D* + T), 

^ {xgV\x^ D{D*D)-^D*x] = rker(i:»* + T), 

where T := D{D*D)-^ : H ^ H maps to imT = domZ?* n imZ?. 

(ii) The orthogonal projection of V onto A^ extends to a bounded linear oper- 
ator Hq : H H given by 

Uqx = D{D*D + TD)-^{D*x + Tx). 

Here D*D + TD : dovaD (dom 13)* is an isomorphism because 

{x,D*Dx + TDx) = \\Dx\\^ + \\TDx\\^ > S\\x\\^. 

In fact, Hq is a projection on all of H, its kernel is Ag, and its image is equal to 
the image of D. In particular, HoI^j- = I- 

(iii) In all our applications the inclusion domD ^ H is a, compact operator. 
Then, by Lemma fB. 41 T : H ^ H is compact, and thus the inclusion Aq H 
is compact. Indeed, the inclusion is given by the composition x ^ TD*x of a 
compact and a bounded operator. 
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The inclusions domi?* — > H and Aq H, however, are not compact unless 
V is finite dimensional. Namely, if V is infinite dimensional then so is the kernel 
of D* (since Ag C 1^ is Lagrangian) and the inclusion domD* D kerD* H is 
an isometric embedding. Lemma IB . 1 01 below gives a condition under which the 
domain of a self-adjoint extension of D has a compact embedding into H. This 
requires the notion of a compact perturbation of a closed subspace of V. 

Definition B.6. Let V be a Hilbert space and A d V be a closed subspace. A 
closed subspace A' C V is called a compact perturbation of A if the projection 
of A' onto some (and hence every) complement of A in V is a compact operator 
and vice versa. 

Remark B.7. The notion of compact perturbation defines an equivalence rela- 
tion on the set of closed subspaces of V. To see this denote by 11 : ^ A and 
H' : V A' the orthogonal projections. If A' is a compact perturbation of A 
and A" is a compact perturbation of A' then the operators 1 — 11 : A' ^ A^ 
and 1 — n' : A" ^ (^')^ ^^'^ compact. Hence the operator (1 — n)|A" = 
(1 — n)(]l — n')|A// -I- (1 — n)n'|A// is compact. Repeating this argument with A 
and A" interchanged we see that A" is a compact perturbation of A. 

Lemma B.8. Let V be a Hilbert space and Ai, A, A' <Z V be closed subspaces 
such that A' is a compact perturbation of A. If (y, Ai, A) is a Fredholm triple 
then so is (V,Ai,A'). 

Proof. Let H : y — > A and H' : V ^ A' he the orthogonal projections. Then 
(]1 - nn')|A = n(]l - n')|A : a ^ a and (l - n'n)|A' : A' ^ A' are compact 
operators. This implies that n|A' : A' ^ A and II'Ia : A ^ A' are Fredholm 
operators with opposite indices; see e.g. [T71 Chapter IIL3]. 

Now suppose that {V, Ai , A) is a Fredholm triple, i.e. the map S : Aiy.A ^ V 
given by S{vi,v) — vi + v is Fredholm. Then the operator 

S" S-o (1 X n) : Ai X A' y 

is Fredholm. Define the map S" : Ai x A' ^ 1/ by S'{vi,v') = vi + v' . Since 
S'{vi,v') - S"{vi,v') = (1 - Xm')v' the operator S' - S" is compact. Hence S' 
is a Fredholm operator and so (V, Ai, A') is a Fredholm triple. □ 

Lemma B.9. Let (V,w) be a symplectic Hilbert space. Let A,A' C be La- 
grangian subspaces. Then the following are equivalent. 

(i) A' is a compact perturbation of A. 

(ii) The projection of A' onto A^ is a compact operator. 
(ill) The operator A' —t A* : v' ^—t uj{v' , •) is compact. 

Proof. By definition, (i) implies (ii). The Lagrangian condition asserts that 
the orthogonal complement A^ is isomorphic to A* via the isomorphism A^ — > 
A* : t) I— > u!{v, ■). Under this isomorphism the orthogonal projection A' A^ 
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corresponds to the operator A' A* : v' i— > uj{v',-), hence (ii) and (iii) are 
equivalent. To see that (iii) imphes (i) note that the operators A' ^ A* : 
v' ■) and A (A')* : v t-^ —uj{v, •) are dual to each other. Using 

"(iii) <^ (ii)" we see that (iii) implies compactness of both projections A' A^ 
and A (A')"*". This proves the lemma. □ 

Lemma B.IO. Let D : domZ3 H be an injective symmetric operator with a 
closed image and a dense domain and suppose that the inclusion domD —fHis 
a compact operator. Let V — (domZ?)^ be the Gelfand-Robbin quotient, A C ^ 
be a Lagrangian subspace, and Af),A^ be as in Remark \B.l\ Then the following 
are equivalent. 

(i) The inclusion dom Da H is compact. 

(ii) The inclusion K —t H is compact. 

(iii) A is a compact perturbation of Aq . 

Proof. Let Hq : V ^ V denote the orthogonal projection onto A^. Then 
Hq : V ^ H is compact since the inclusion of the image no(l^) = Aq into H 
is compact by Remark IB. 51 (ii) . By Lemma IB. 91 (iii) holds if and only if the 
operator (1 — no)|A : A ^ Aq is compact. Moreover, the graph norm of D* on 
Aq = kei{D* +T) is equivalent to the norm of H so, in fact, (iii) holds if and only 
if the operator (1— no)|A : A — > _ff is compact. We deduce that (iii) is equivalent 
to (ii) because the inclusion A — > _ff is given by the sum I1|a = (1 — no)|A + no|A, 
where HqIa : A ^ iJ is compact. 

That (i) is equivalent to (ii) follows from the fact that the inclusion of dom D 
into H is compact, by assumption, and domZ?A = domD © A. □ 

Lemma B.ll. Let D : dom 13 H be an injective symmetric operator with a 
closed image and a dense domain and suppose that the inclusion domD H 
is a compact operator. Let V = domD* /domD be the Gelfand-Robbin quotient 
and Aq = {[x] e V \ D*x = 0} as in Let P : H H be a self-adjoint 

bounded linear operator such that D + P : domD H is injective. Then the 
following are equivalent. 

(i) The composition of P with the inclusion domD* H is a compact operator. 

(ii) The operator P|kci(Z5*+P) '■ kcr(D* + P) ^ H is compact. 

(iii) Ap {[a;] e y I D*x + Px ^ 0} is a compact perturbation of Aq. 

Proof. Abbreviate Dp :— D + P. Then dom Dp = domD* and the graph norm 
of D* is equivalent to the graph norm of Dp. Moreover, on ker Dp and kcrD* 
both graph norms are equivalent to the norm of H. For [x] € Ap, represented 
by a; G ker Dp, and [xo] € Aq, represented by xq e kerD*, we have 

uji[x], [xq]) = (D*x,xo) - (x,D*xq) = - {Px,xq) = (TPx- Px,xq), 
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where T := D{D* D)~^ : H domD*. Using Lemma [6.91 and the compactness 
of the inclusion dom_D — > H, wc sec that Ap is a compact perturbation of Aq if 
and only if {P — rP)|koi _D' '■ kerZ?p — > kerZ?* is a compact operator. Since T 
is compact, by Lemma 16.41 this shows that (ii) is equivalent to (iii). That (i) 
implies (ii) is obvious. To prove that (ii) implies (i) note that, by Remark IB. 51 
with D replaced by Dp, the inclusion of domD* n imDp into H is compact. 
Since the decomposition dom_D* = (domD* n im_Dp) ® ker Dp is orthogonal 
with respect to the graph norm of Dp, this shows that (ii) implies (i). □ 

Remark B.12. Let D, V, Aq be as in Lemma fB. Ill P : H ^ H he a, bounded 
self-adjoint operator, and denote Ap := {[x] e V \ D*x + Px = 0}. 

(i) Let Ap'^ denote the orthogonal complement of Ap with respect to the graph 
inner product of D* + P. Then it always is a compact perturbation of Aq. 
Namely, by Remark IB . 51 with D replaced by D + P, the inclusion Ap'^ H is 
compact. Hence, by Lemma [B.IOI with D replaced by D + P and A := Ap'^, 
the inclusion {v E domD* | [w] G A} ^ is compact. Using Lemma fB . 1 01 again 
we deduce that A is a compact perturbation of Aq. 

(ii) The orthogonal complement Ap with respect to the graph inner product 
of D* is a compact perturbation of Aq if and only if the restriction of P to 
domD* is a compact operator. This follows from Lemma IB. Ill and the fact 
that Ap = D* Ap and A^ = D*Ao in the notation of Remark I B.l|, where D* is 
a compatible complex structure on V . 

(iii) It follows from (i) and (ii) that Ap''' is a compact perturbation of Ap if 
and only if the restriction of P to the domain of D* is a compact operator. 

(iv) If A is a compact perturbation of Aq then (V, Ap, A) is a Fredholm triple. 
Since (F,Ap,A^'"') is a Fredholm triple, this follows from (i) and Lemma FB. 81 

Lemma B.13. Let D^V^Aq he as in Lemma \B.11\ and let P{s) : H ^ H 
for s e R &e a continuously differentiable family of self-adjoint bounded linear 
operators. Assume that P(s) converges to P(±oo) —: P* in the operator norm 
as s tends to ±oo, that (D + P(s))|domn is injective for every s G M U {±cx)}, 
and that 

ker(D* + p-) ® domD _ ker(D* + P+) ® domD _ ^, 
doni D dom D " 

Then the spectral flow of the operator family s i— s- (D + P(s))^ is independent 
of the Lagrangian subspace A C such that = Aq © A and A is a compact 
perturbation of Aq . 

Remark B.14. Let D,y, Aq be as in Lemma [B.lll and let Q : H ^ H he a, 
Hilbert space isomorphism such that 

X G doniD* X — Qx G domD. 

Then Q induces the identity on V. Let P(s) : H ^ H ior s E R he a continu- 
ously differentiable family of self-adjoint bounded linear operators such that 

D + P(s + 1) = Q-\D + P{s))Q. 
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Assume {D + P(s))|domr> is injcctive for every s G M and denote 

^, _ ker(D* + P(0)) ® douiD _ ker(D* + P(l)) © domD 
° dom D dom D 

Then the spectral flow of the operator family s i— > (13 + P{s))^ on the funda- 
mental domain [0, 1] is independent of the Lagrangian subspace A C such 
that V = Aq(B A and A is a compact perturbation of A;j- . The proof is the same 
as that of Lemma IB.131 

Proof of Lemma \B.13[ The operators D + P{s) : domZ) H satisfy the as- 
sumptions of this section and give rise to the constant Gelfand-Robbin quo- 
tient V = dom 13* /dom _D since dom(Z3 -I- P{s))* = domD*. Hence any 
Lagrangian subspace K (Z V gives rise to a family of self-adjoint operators 
A{s) := [D -\- P{s))a '■ domUA H, which satisfies the conditions (Al-3) of 
Section \X\ whenever V = Aq A. In particular, the estimate in (Al) holds for 
s = ±oo, i.e. lixll^. < C\\{D + P^)ax\\j^ for x G dom£)A, because (V,A'q,A) 
is a Fredholm triple and {D + P^)a is injective. The estimate for s € M fol- 
lows from a uniform bound of the form ||P(s) — < C for the operator norm 
on H. The assumptions (Wl-3) are satisfied with the trivial map Q = 1 and the 
constant domain Wq = doml^A- In particular, the domain embeds compactly 
to H, by Lemma TB. 101 whenever A is a compact perturbation of A^. Hence the 
spectral flow is well defined under our assumptions (see Appendix \Q . 

We prove that the set S of Lagrangian subspaces of V that are transverse 
to Aq and are compact perturbations of Aq is connected. For that purpose let 
Al C denote the orthogonal complement of Ag with respect to the graph 
inner product of D* + P+ and let I^^ : Aq ^ AJ be the isomorphism given 
by V i~> uj{v,-). Then a subspace A C F = Ai Aq is a complement of Ag if 
and only if it is the graph of a linear operator from Ai to Ag or, equivalently, 
A = A^ := graph(/J7^ o A) for some linear operator A : Ai — > AJ. One can check 
that the subspace A^ is Lagrangian if and only if A is self-adjoint and that it 
is a compact perturbation of A^ if and only if A is compact. The last assertion 
uses the explicit formula x + I~^Ax i— > I~^Ax for the projection A^ Ag 
along Al and the fact that A^ is a compact perturbation of A^ if and only if 
it is a compact perturbation of Ai, by Remark IB. 121 (i) and Remark IB. 71 Thus 
we have identified S with the vector space of compact self-adjoint operators 
A : Al A\ and so S is contractible, as claimed. 

Now the result follows from the homotopy invariance of the spectral flow. 
The homotopies of Lagrangian subspaces do not directly translate into homo- 
topies in the sense of Section [Aj see the proof of Lemma FB. 161 b clow . However, 
the homotopy invariance of the spectral flow of the family s ^ {D + P{s))f^ 
follows from Remark IB.15[ where the spectral flow is identified with a Maslov 
index, which in turn is invariant under homotopies of A. □ 

Remark B.15. (i) Let [0, 1] 9 s i-^ (Ao(s), Ai(s)) be a smooth path of pairs of 
Lagrangian subspaces of V such that (V, Ao(s), Ai(s)) is a Fredholm triple for 
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every s. For each s define the crossing form r(Ao, Ai, s) : Ao(s) n Ai(s) 



by 



r(Ao,Ai,s)(z;) - 



{uj{v,Vo{t)) - uj{v,v[{t))) 



t=o 



for V g Ao(s) n Ai(s), where Aq, A'^ C V are Lagrangian subspaces such that 

V = Ao(s) ® A^ = Ai(s) © A'l and t;o(t) e Af,, (t) € A'^ are chosen such that 

V + Do(t) e Ao(s + i) and v + v[{t) e Ai(s + t). As in [S] the Maslov index 
is defined as the sum of the signatures of the crossing forms 

At(Ao,Ai) ^signr(Ao,Ai,s) 

s 

provided that the crossing forms are all nondegenerate and Ao(s) is transverse to 
Ai(s) for s = 0, 1. Under this assumption the sum is finite. The nondegeneracy 
condition can be achieved by a small perturbation with fixed endpoints. The 
Maslov index is invariant under homotopies of paths of Lagrangian Fredholm 
triples with transverse endpoints. 

(ii) The spectral flow in Lemma [6.131 can be identified with the Maslov index 



Mspcc {{D + P) 



m(Ap,A) 



(124) 



where Ao(s) := i^p(s) = {N G V \ D*x + P{s)x = 0} and Ai(s) := A for 
every s. The Fredholm property of the triples (y, Ap(s),A) follows from Re- 
mark [BJ2] (iv). 

To prove (I124p . fix a real number s, choose Aq and Wo(^) ^ (i); xo{t) S 
domD* be the smooth path defined by {D* + P{s + t))xo{t) = and [xo{t)] = 
V + VQ{t) £ Ao(s + t), and denote x :— xo{0) so that [x] = v G Ao(s) fl A. Then 



d_ 

dt 



cj{v,v'Q{t)) 



t=o 



d_ 

di 
d_ 
dt 
_d 
di 
d_ 
dt 



uj{v,v + V'ij{t)) 

D*x,xo{t))- {x,D*xo{t)\ 

P{s + t))x,XQ{t)) 

P{s + t))x,x) . 



I 



t=o 



This shows that the crossing forms F {{D* 
under the isomorphism kcr {D* + P{s))^ ^ 



+ P)^,s) and — r(Ao,A, s) agree 
Ao(s) n A : a; i-^ [x]. 



Lemma B.16. Let D,V,Ao,Q,P be as in Remark \B.14\ Denote by T the set 
of Lagrangian subspaces A C V that are compact perturbations of Aq . For every 
A g T there is a Fredholm operator 



Va := ds+DA + P{s) -.Wa^H 
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with 

n:={^e lL(m, h) I e(s + 1) = Q-'a-^)} , 

Wa ■■= e Ll^{R, domDA) D <i(R, H) \ ^{s + 1) = Q-'^{s)}. 
The determinants det(I?A) for A G T form a line bundle over T. 

Proof. I?A is Fredholm since it is the operator of Theorem IA.5I with A{s) = 
Da + P{s) and constant domain W{s) = domZ?A. 

We do not know if for any two subspaces A, A' e T there is a Hilbert space 
isomorphism oi Q : H H that identifies domZ?A with domZ?A', as would 
be required for a homotopy of operator famihes in the sense of Appendix \X[ 
However, one can prove directly that the kernel of Va depends continuously on 
A (as a subspace of H) if "Da is surjective. This proves the lemma since the 
transverse situation can always be achieved by finite dimensional stabilization. 

To prove the continuous dependence of kerI?A on A we will use the fact 
that every element ^ S ker Va is a smooth function from M to dom Da (see pSl 
Theorem 3.13]) and satisfies an estimate of the form H'CIIvVa 11^*^11 Wa — '^ll^llw 
Two Lagrangian subspaces A, A' e T are close if there exists an isomorphism of 
V close to the identity that maps A to A'. This extends to an isomorphism of 
dom Da = A dom D and dom Da' = A' © dom D (which does not necessarily 
extend to an isomorphism of H). This isomorphism of domains followed by 
the orthogonal projection onto the kernel of Pa' induces a map kerI?A ^ Wa'; 
which is an isomorphism for A' sufficiently close to A. □ 

C Unique continuation 

In this appendix we formulate a general unique continuation theorem based on 
the Agmon-Nirenberg technique. The method was also used by Donaldson- 
Kronheimcr 10, ppl50] and Taubes '31] to prove unique continuation results 
for anti-self-dual instantons and by Kronheimer-Mrowka [20j and in [2£| for the 
Seiberg-Witten equations. 

Let 77 be a Hilbert space and A{s) be a family of (unbounded) symmetric 
operators on H with domains dom(A(s)) C H. The operators A{s) are not 
required to be self-adjoint although in the main applications they will be and, 
moreover, their domains will be independent of s. However, in some interest- 
ing cases these operators are symmetric with respect to time-dependent inner 
products. The following theorem is a special case of a result by Agmon and 
Nirenberg [2]. 

Theorem C.l (Agmon-Nirenberg). Let H be a real Hilbert space and let A{s) : 
dom(^(s)) ^ H be a family of symmetric linear operators. Assume that x : 
[0, T) ^ H for < T < CO is continuously differentiable in the weak topology 
such that x{s) G dom(A(s)) and 

\\x{s) + A{s)x{s)\\ < ci(s) ||a;(s)|| (125) 
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for every s € [0,T), where x{s) := dsx{s) G H denotes the time derivative of x. 
Assume further that the function s '—^ {x{s), A(s)x{s)) is also continuously 
differentiable and satisfies 

^{x,Ax) ~2{x,Ax) < 2c2is)\\Ax\\ \\x\\ + cais) \\xf . (126) 
as 

Here ci,C2,C3 : [0,T) — )■ M are continuous nonnegative functions satisfying 



ao 



2 C2 < oo, 60 / (ci + cl+ C3) < 00, Co := supci < 00. 
Jn Jo 



Then the following holds. 

(i) lfx{0) = then x{s) = for all s G [0, T). 

(ii) If x{0) 7^ then x{s) ^ for all s G [0,T) and, moreover, 

Ms)\\ > ||a;(0)|| , c cq + e^" {bo + ||x(0)|ri||A(OMO)|i). 

Proof. The basic idea of the proof is to use the convexity of the function t 1— > 
log Assume that x{0) and define 

, II ^ ^11 r {x{a),x{a)+A{<j)x{a)) ^ 

ip{s) := log ||a;(s)|| - / „ , ,,,2 dcr 

Jo ||a;(CT)|j 

for < s < T wherever x(s) 7^ 0. Then we prove that ip is twice continuously 
differentiable and satisfies the differential inequality 

(f + a\(p\+b>0, a:=2c2, b := cl + cl + C3. (127) 

Define f{s) := x{s) + A[s)x{s). Then the derivative of ip is given by 

. _ {x,x) _ {x,f) _ {x,Ax) 

M' INI' M' 

Hence 

j-A^^^^) , 2{Ax,x){i,x) 
^ — + ^ 

2{Ax,Ax- f) - 2c2 \\Ax\\ \\x\\ - C3 \\xf 2{Ax,x){Ax ~ f,x) 
Here the second step follows from the inequality (|126p and the definition of /. 
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The terms on the right hand side can now be organized as foUows 



> 



\\Ax\\ 



, ll^^ll 



(Ax,a;) 
Ax — X 



Ax-^-^xJ 



. Il^^ll 
2c2-j--n C3. 



Now abbreviate 



X Ax 



Then <^ ~ "{S.iV) ^^'^ the previous inequality can be written in the form 



/ 



- 2c2 W'nW - C3 



> 2 llry - ( r;, Oell' - 2 h - ( r;, Oell ^ - 2C2 llryll - C3 



11/11 



2c2 WvW - C3 



> |lr?-(?7,Oeir-c?-2c2h||-C3. 

The last but one inequality uses the fact that a(3 < o? 12 + /3^/2 and the last 
inequality uses ||/|| < ci||a;|l. To obtain (|127p it remains to prove that 

h-(^,Oell'-2c2h|l >-2c2|^|-ci 

Since = — (Ci this is equivalent to 

2c2|lr7|l < ||r/-(r/,e>eil' + 2c2|(r?,OI+ci 

Now the norm squared of 77 can be expressed in the form 



Hence the desired inequality has the form 



202^""^ + < + 2C2W + C2 



This follows from the inequalities v«+w^ < u + w and 2c2U < + c-}^ . Thus 
we have proved (|127p . 
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Define q:(.s) := a((7)d(7. Then a is nonnegative and a = a. Hence at each 
point s G [0, T) with (f{s) < we have 

^(e-«(^) =e-"(^ + a|(^|) > -b. 
Integrating this inequality over maximal intervals where ip is negative we obtain 

e-"(*V(s) > min{0, (p(0)} - / b{a)da, for < s < T. 

Jo 

This implies ip{s) > -e''°{bo + \v>{0)\), hence ifi{s) > tp{0) - e''°{bo + \ip{0)\)s, 
and hence, again for < s < T, 

log||a;(s)|| >(^(s)- / \\x\\-^x + Ax\\>(p{0) {bo + \^m)s- 



Cos. 

Now we can use log||a:(0)|| = tp{0) and \tp{0)\ < \\x{0)\\-'^\\A{0)x{0)\\ to prove 
(ii): 

||a;(s)|| > e*'(°)-'= "(bo+imDs-cos > ||a;(o)||e-^^ 

To prove (i) we assume by contradiction that x{so) ^ for some Sg G (0,r). 
Then part (ii) applies to the path s i— !■ x{so — s) and the operator family 
s ^ -A{so - s). It implies ||a;(a)|| > e'='"-'=^o||a;(so)|| for ah a G (0, sq], so by 
continuity ||a;(0)|| > e~'^*''||a;(so)|| 7^ in contradiction to the assumption. □ 

Time-dependent inner products 

There are interesting applications to operator families A{s) on a Hilbert space 
which are self-adjoint with respect to a time-dependent family of inner products 
which are all compatible with the standard inner product on H. Any such 
family of inner products can be expressed in the form 

{x,y)s = {Q{s)x,Q{s)y) (128) 

for some invertible bounded linear operators Q{s) : H ^ H . Without loss 
of generality one can consider operators Q{s) which are self-adjoint. Assume 
throughout that these operators satisfy the following conditions. 

(Ql) The operator Q{s) is self-adjoint for every s and there exists a constant 
5 > such that for sl\ x € H and s G [0, T) 

5\\x\\ < \\Q{s)x\\ < 6-'^ \\x\\ . 

Moreover, the map [0, T) jC{H) : s 1-^ Q{s) is continuously differentiable 
in the weak operator topology and there exists a continuous function cq : 
[0, T) [0, 00) such that 

^cq(s) VsG[0,r), ^Q-/ CQ<oo. 
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Theorem C.2. Let H he a real Hilhert space, Q{s) G C{H) a family of (boun- 
ded) self-adjoint operators satisfying {Ql), and A{s) : dom(A(s)) H a family 
of (unbounded) linear operators such that A{s) is symmetric with respect to the 
inner product hl28\) . Assume that x : [0,T) — s- H is continuously differentiable 
in the weak topology such that x(s) € dom(A(s)) and 

\\xis) + A{s)x{s)\\^ < ci{s)\\xis)\\^ 

for every s G [0, T). Assume further that the function s ( x{s), A{s)x{s) )s is 
also continuously differentiable and satisfies 

^{x{s),A{s)x{s) )s - 2( x{s),A{s)x{s) ), 
as 

<2c2{s)\\A{s)x{s)\\^\\x{s)\\^+c;{s)\\x{s)\\l 

for every s € [0, T). Here Ci,C2,c^ : [0, T) — + K are continuous nonnegative 
functions satisfying 

ao := 2 / (c2 + S~^cq) < oo, 
Jo 

bo ■■= / ((Cl + S-^Cgf + (C2 + S-^cqf + C3) < 00, 
Jo 

Co ■■= sup(ci + S^^Cq) < 00. 
Then the following holds. 

(i) lfx{0) = then x{s) = for all s G [0, T). 

(ii) If x{0) 7^ then x{s) ^ for all s G [0,T) and, moreover, 

\\x{s)\\^ > e--' ||x(0)||o , c CO + e'^° (bo + ||x(0)||o ^ |1 A(0)x(0)||o) . 

Proof. The result reduces to Theorem lC.il Define 

A:=QAQ-\ i-.^Qx, f:=Qx + Qf 

with doni(yl(s)) = Q{s)dom {A{s)) and f ~ x + Ax. Then the operator A{s) 
is symmetric with respect to the inner product (|128p if and only if A(s) is 
symmetric with respect to the standard inner product. (Moreover, one can 
easily check that A{s) is self-adjoint with respect to p28p if and only if A{s) 
is self-adjoint with respect to the standard inner product. However, this is not 
needed for the proof.) It also easy to see that 

X -\- Ax — f <=^ X + Ax = f . 

It remains to show that under the assumptions of Theorem IC. 21 the triple A, x, 
f satisfies the requirements of Theorem lC.il First, note that 

11/11 ^\\Qx + QfW < CQ \\x\\ + 11/11^ < cq5~^ \\x\\^ + Cl 11x11^ 
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and hence x satisfies (jl25p with ci replaced by ci = ci + cq/S. Secondly, the 
function 

s i-> ( x{s), A{s)x{s) ) = ( x{s), A{s)x{s) )s 
is continuously difi^erentiable and a simple calculation shows that 

■^(x,Ax) - 2{i,Ax) = ■^(x,Ax)s- 2{x,Ax)s - 2{Qx,QAx). 
as as 

Hence 

- 2(i,i5 ) < 2c2 11x11, llAxIl, + C3 11x11^ + 2|lQx|l|lii|| 

< 2c2 llill lliill + C3 \\S:\f + 2cq6-^ \\x\\ \\AS:\\. 

This shows that x satisfies (|126p with C2 and C3 replaced by £2 = C2 + cq/S 
and £3 = C3 . Hence x and A satisfy the requirements of Theorem IC.ll and this 
proves Theorem IC.2I □ 



D Holonomy perturbations 

In this appendix we review the properties of the holonomy perturbations used 
in this paper. Throughout this appendix y is a compact oriented 3-manifold, 
D C C is the closed unit disc, and we identify the circle with M/Z. The 
elements of will be denoted by 9 and those of D by z. Fix a finite sequence 
of orientation preserving embeddings ji : x D Y for i = 1, . . . , that 
coincide in a neighbourhood of {0} x D. Define the holonomy maps 

g.-.RxBx A{Y) ^ G, : © x A{Y) G 

by 

degi + A{deji)gi = 0, gi{0, z; A) ^ 1, pi{z; A) := gi{l, z; A). 

and abbreviate p := (pi, . . . , p^r) : D x A{Y) . Fix a smooth conjugation 

invariant function / : D x G^ M that vanishes near the boundary, and define 
the perturbation hj : A{Y) R by 

h^iA) := [ f{z,p{z;A))d^z. 
Jn 

This map is smooth and its derivative has the form 

dhf{A)a = -^ f f{z,p{z;A + sa))d'^z = [ (Xf{A)Aa) (129) 

for a E n^{Y,2). The map Xf : A{Y) n^{Y,g) is uniquely determined 
by (fT29)) : it has the form 



N 

^2 



z 
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where Xf^,{A) € n°{S'^ x D,^) is given by 

Xf4A){e, z) - -g,{e, z- A)VJ{z, p{z; A))g,{e, z; A)-\ (130) 
Here the gradient Vi/ : D x ^ is defined by 



:VJ(z,5),0 := ^ 



f{z,gi, . . . ,g,^i,g^exp{t^),g,+i, . . . ,5jv) 



for z e D, g = (51, . . . , gN) G G^, and ^ G fl. It vanishes near the boundary of 
D and, since / is conjugation invariant, it satisfies 

V./(z, hgh-') = g)h-' (131) 

for h e G. If follows from p3T|l that X/,i(A) : M x D ^ g descends to a 
function on S*^ x B. If the center of G is discrete then equation (|13ip implies 
that V,J(z, (1, . . . , ]1)) = and hence X/(0) = for every / e C^(© x G^)'=^. 
Thus, for G = SU(2) the trivial connection is always a critical point of the 
perturbed Chern-Simons functional CSc + hf. The next proposition summarizes 
the properties oi Xf. We denote the space connections of class W'^'^ by 

A'''P{Y) := W'''P{Y,T*Y (E)g). 

Proposition D.l. Let f e Cg+^P x G^)° for some integer £ > 0. Then the 
following holds (with uniform constants independent of f). 

(i) For every integer £ > k > 1 and every p > 2 with kp > 3, Xf extends 
to a C^~^ map from A^^'^lY) to W^'P{Y,k^TY ® g), mapping hounded sets to 
hounded sets. 

(ii) For all A e A{Y), u e g{Y), ^ e n°{Y,Q), and a e n^iY,g) we have 

dA{Xf{A))^0, Xf{u*A) = u-'^Xf{A)u, 
dXf{A)dA^^[Xf{A),^], dA{dXf{A)a) = [Xf{A)Aa]. 

(iii) For every k e {0,...,^} and every p G [l,oo] there is a constant c such 
that 



I 



||X/(A)||^^.„ <c||V/||c. 



V 



1+ E Pllvy^o,.PIIc.i---ll^ll 



for every A G A{Y). If k ^ then \\Xf{A)\\^^ < c||V/||^p. 

(iv) For every k G {0, ...,£— 1} and p G [1, 00] there is a constant c such that 

\\dXf{A) 

for all A G AiY) and a G n^iY,Q). 
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(v) For all p,q,r G [1, oo] with q ^ + r ^ = p ^ there is a constant c such that 

||d'X/(^)(«,/3)|Lp(y) <c||V/||ci 
\\Xf{A + a)- Xf{A) - dXj{A)a\\^,^y^ < c \\\/f\y \\a\\^,^y^ M^.^y^ 

for all A e A{Y) anda,f3 en^Y, g) 

(vi) For every p e [l,oo] there is a uniform constant c such that 

\\VA{Xf{A))\\^, < c(l + ||V/||cO(l + \\Fa\\l.) (132) 
for every A G .4(F) 

Remark D.2. Consider a connection S = <I>ds + A E A{I x Y) for a compact 
interval /, given hy A : I ^ -4(F) and $ : / ^ ri"(F, g). Proposition ID. II 
extends to the perturbation Xf{E) := Xf o A E 0^(7 xY,g) - except for (ii), 
and in (i) we need to assume kp > 4. In particular, for every fc > 1 and p > 2, 
Xf maps bounded sets in ^'=^'P(/x F) to bounded sets in VF'='P(/ x F, A^TF^g). 
In the case k = 1 and kp < A this follows from Proposition ID. II (iii) . 

The proof requires some preparation. We begin by considering connections 
on the circle. The canonical 1-form dO g 17^(5'^) allows us to identify the space 
A{S^) = ^1^{S^,q) of G-connections on with the space rj"(5\fl) of Lie 
algebra valued functions. The holonomy of a connection A = rjclO E -4(5*^) with 
77 : 5^ ^ g is the solution g : R ^ G of the differential equation 

deg + w = 0, 5(0) = H- (133) 

The solutions give rise to a map hoi : M x 51*^(5^, g) G which assigns to each 
pair (0,77) € M X nP{S^,g) the value hol(6';?7) :— g{9) of the unique solution 
of (|133p at 6. The gauge invariance of the holonomy takes the form 

hol(6l; u^^dgu + u-^riu) = u{e)-^\io\{e\ r/)ii(0) 

for M : -> G. One can think of hoi as a map from f^°(5'\ g) to C°°([0, 1], G) 
defined by hol(?7)(6') := hol(6';?7). The holonomy then induces a map between 
Sobolev completions, for every integer fc > and every p > 1, 

hoi: H/'^''P(5\g) ^ W^'^+^'P([0, 1], G). (134) 

This map is continuously differentiable and its derivative at 77 e W^'^{S^ ,q) is 
the bounded linear operator dhol(??) : W'''P{S^,q) VF'=+^'P([0, 1], hol(77)*TG) 
given by 

r" 

{ho\{f])-^dhol{f])fi){e) = - hol{t;r])-mt)ho\{t;r])dt (135) 

Jo 

for fi E W'''P{S^,g). The formula p35)) shows, by induction, that the map (fT34)) 
is smooth. The next lemma is a parametrized version of this observation. 
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Lemma D.3. Let Q. he a compact Riemannian manifold. 

(i) For every integer k>\ and every p > dim composition with the holonomy 
induces smooth maps 

Hoi : W''^P{S^ xil,2)^ H^'='P([0, 1] x il, G), 
Holi : W'^'PiS^ xn,Q)^ w''^Pin,G), 

given by Hol(?7) := g^ with gr,{0,x) := hol{9 , r]{- , x)) and B.oli{r]){x) := gr,{l,x) 
for X G n and 9 € [0, 1]. These map W'^'^ -bounded sets to W'^'^ -bounded sets. 

(ii) For every integer k> 1 there is a constant c such that 



l|Hol(??)||i^.., + ||Holi(r/)||t^.., <c 



, io-f h3s=fe , 

\ 3>0,j„>l I 



for every r\ G C^{S^ x ri,fl) and every p e [1, oo]. 

(iii) For every integer k>0 and every p G [1, oo] there is a uniform constant c 
such that, for every r] G C'^{S^ x fi, fl), the derivatives 

Hol(r/)-MHol(7?) : W^^p{S^ x 0,0) ^ W'^'f ([0, 1] x 
Ho1i(??)-MHo1i(j7) : W^'P{S^ x 0,0) ^ W^'P{Q.,q) 

are bounded linear operators with norms less than or equal to c {I + \\rj\\Qk)'' . 

Proof. Think of as a map from O to W^''p{S^ ,q) and of Hol(?7) as a map from 
O to W^+i'P([0,l],G). Then Hol(77) is the composition 

O W^'P{S^,q) ^ VF^'+i'f([0,l],G). 

Since hoi : W^'^i^S^ ,q) M^-^+^'*'([0, 1],G) is smooth the composition induces a 
smooth map 

Hoi : Vr^'f(O,VF^'f(5\0)) ^ VF^'f (O, VF^+1'P([0, 1], G)) 
for ip > dim O and any j; hence it defines a smooth map from 

k 

W''^P{S^ x 0,0) = Pi W^^p{^1,W^-'^^p{S\q)) 

1=0 

to 

k 

Pi W^'P{n, ([0, 1], G)) c W^'^'f ([0, 1] X O, G) 

1=1 

for fc > 1 and p > dim O. This proves (i) for Hoi. To prove (i) for Holi, 
take £ = k and note that evaluation at = 1 gives a smooth map from 
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W'''P{n,W^'P{[0,l],G)) to W''-P{n,G). The boundedncss of Hoi and HoU is 
a consequence of (ii) and (iii). 

To prove (ii) we differentiate the function g{6,x) — hol(0, ?7(-, x)): 



g '^dgg = -g '^rjg, [g '^dxg){6,x) = - g{t,x) ^d^r]{t,x)g{t,x)At. 

Jo 

Hence tliere are constants ci , C2 , C3 , . . . such, that 



||5llvv'..P<Cfe 1+ ll^/llw^o-p llsllcn ■••llffllc^s (136) 



jO"f f-Js = fc 

s>0, jV>1 



for every smooth function rj : x ~> g, every integer k > 1, and every 
p G [1,00]. For p ~ 00 assertion (ii) now follows by induction on k. Inserting 
the resulting estimate into (|136p proves (ii) for all p. For fc = assertion (iii) 
follows immediately from (jlSSp with c — 1. To prove (iii) for k>l differentiate 
equation (|135p with respect to 9 and x and use (ii) . This proves the lemma. □ 

Proof of ProposzUonlDjl The map Xf.^ : A'''P{Y) W'''P{S^ x D,g) can be 
expressed as composition of three maps. The first is the product of the N maps 

the second is given by composition with the holonomy 

W'^-P{S' X B,0) ^ W'^-P {[0,1] X D,G2) : ,7, ^ {g^,pj), 

where gj{6,z) := hol(?7j(-, z))(6') and pj(9,z) := hol(77j(-, z))(l), and the third 
map has the form 

W'^^PiiO, 1] X D, G^^) ^ W''^P{S' X D, 0) : (51, pi, . . . , g^, p^) ^ C, 

with 

C 9i^if{pi, ■ ■ ■,PN)9i^ 

(see equation (|130p ). The first map is bounded hnear (and hence smooth) 
for all k and p because composition with a smooth embedding at the source 
and multiplication with a smooth function define bounded linear maps between 
W'^'P-spa.ces. The second map is smooth and bounded for fc > 1 and p > 2 
by Lemma ID. 31 The third map is bounded and C^~'^ because composition 
with a C'^-map at the target defines a continuous map from W'^'P to W'^'P for 
aU kp > dim(R x D) (or kp > dim(R2 x D) in the case of Remarking. This 
proves (i) . Assertion (ii) follows by straight forward calculations and (iii) follows 
from (|130|) and Lemma [0.31 (ii). 
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To prove (iv) we abbreviate Ai :— "f*Ai, ai :— 7*aj, and differentiate equa- 
tion (|130[) to obtain 

RoliA,)-^{dXf4A)a) Hol(A,) 

= [Hol(^,)"'^/,^(^) Hol(yl,), Hol(AO"MHol(A,)a,] 

AT 

-I]V,VJ((Holi(yl,)),=i,...^)Holi(A,)-MHoli(Aj)«,. 

Tfie estimate now foliows from Lemma ID. 31 and tlie uniform bounds in (iii). 
To prove (v) we differentiate the last equation again and obtain tfie inequality 

\d^Xf{A){a,P)\ 

< |dX/(A)a||dHol(A)/3| + |dX/(A)/3| |dHol(^)a| 
+ |X/(A)||dHol(A)a||dHol(A)/3| + \Xf{A)\\d{llo\{A)-^dilol{A)a)p\ 
+ |V2/l|dHoli(A)a||dHoli(A)/3| + f\\d{lloh{A)-^dRo\i{A)a)l3\ 

with 

d(Hol(A)-MHol(A)a)/3 = / [Hol(A)-MHol(A)a, Ho1(A)-MHo1(A)/3] . 

Jo 

A similar inequality holds for Holi. The first estimate in (v) now follows from 
the L'^- and L''-bounds in (iv) and Lemma [0.31 and the i°°-bounds on Xf and 
V^/. The second estimate in (v) follows from the first and 



[ [ d^Xf{A + ta){a,a)dtdT. 
Jo Jo 



(137) 



Xf{A + a)~Xf{A)-dXfiA)a 
Assertion (vi) is a result of Froyshov [14, . The proof uses the formula 

dt9{e,t) + A{da{e,t))gi0,t) 

= 9{0, t) ^ g{s, ty^FA{dg-f{s, t),da{s, t))g{s, t) ds^ 

for 7 : [0, 1]^ ^ Y and g : [0, 1]^ ^ G with 

deg + A{dej)g ^ 0, g{0,t)^l. 
Namely, inserting a i-dependent parameter z = z{t) into (|130p . abbreviating 
gie,t) ■.^g,{0,z{ty,A), j,{0,t) -.^ j,{9, z{t)), 

ao, t) Xf,,{e, z(t)) - -9{e, t)v,f{z{t),p{z{t)- A))g{e, tr\ 

and differentiating ^ covariantly with respect to 7*^4 we find that V^^ — and 
^t^^dti+[A{da{),^] 

= [{dtg g-^ + A{^a^)),e\ - g-\{di^^ f){z,p{z;A))dtz)g 

- {Tjyi'^^f)^-^^ Pi^-^ A))pA-^-^ A)-^dtp,{z- A) j g. 
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Since the estimate (|132l) is gauge invariant and the 7^ all coincide near 7j(0, z) = 
7j(l, z) we can assume that A{dtjj{l, z{t))) = for all j and t. Then it follows 
from (fn?!) that 

Pj{z{t); A)-^dtPj{z{t); A) = [ gj{s,t)-^ FA{dejj{s,t), daj{s,t))gj{s,t) ds. 

Jo 

So the first and third term on the right hand side of (|138D can be estimated by 
the curvature of A, and the second term is uniformly bounded. This proves the 
proposition. □ 

In the remainder of this section we give a proof of the basic compactness 
result for solutions S G A{R x Y) of the perturbed anti-self-duality equation 

(FH-fX/(S))+ = (138) 

with bounded energy 

i?;(S) = i / \F^+XfiE)\\ 

JRxY 

A similar proof for somewhat different perturbations can be found in I 19j . 

Theorem D.4. There exists a universal constant h > such that the following 
holds for every perturbation Xf , every real number E > 0, and every p > 1. 
Let G A{M. X Y) be a sequence of solutions of U38]} with bounded energy 

sup Ef{E^) < E. 

Then there exists a subsequence (again denoted (E.^) ) and a finite set of bubbling 
points S — {xi, . . . , xtv} C M x int(F) with 

liminf i / \F^ +Xf{E^)f>h > 0, G S*. 

Moreover, there is a sequence of gauge transformations u^, G G{{M. x int(y)) \ S) 
and a limit connection Sqo G A(M. x int(F)) such that u*'E.^ converges to Sqo in 
the W^'P-norm on every compact subset o/M x int(K) \ S. The limit Sqo solves 
^38]} and has energy 

EfiEoo) < limsup£'/(S^) - iVn. 

1/ — ^oo 

Remark D.5. If 5 C (T_,T_|_) x y in Theorem ID. 4i then the convergence can 
be improved to the C°°-topology on every compact subset of (—00, T__] x int(y) 
and [r+, 00) X int(F) (in particular on M x int(F) if S* = 0). This follows from the 
standard bootstrapping techniques (e.g. [TU], [33]) and Remark lD.2l The crucial 
point is that a M^'^'^'-bound on u''*E'^ implies a VF'^'P-bound on X f{u''*'E.'') and 
thus on The appropriate gauge transformations can be interpolated to 

the ones over (r_,T+) x int(r). 
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Proof of Theorem \D.4\ Without loss of generality we prove the theorem for 
a fixed constant p > A. We follow the line of argument in [lOl 4.4.4]. Let 
euh > and Cuh be the (universal) constants in Uhlenbeck's gauge fixing the- 
orem (see [32] or [331 Theorem B]). Then for each a; S R x y, each sufficiently 
small constant 6 > with Bs{x) C M x F, and each connection S G x Y) 
with energy 

/ < euh 

JBnix) 

on the geodesic ball Bs{x) there is a gauge transformation u E Q{R. x Y) such 
that 

Step 1. For every e > there is a finite set of bubbling points dR x int(y) 
and a subsequence, still denoted by 'E.^, such that the following holds. 

(a) If X & (R X int(y)) \ Se then there is a 6 > with sup^ Ibs{x) < £• 

(b) If X e Se then inf5>o hminf,.^oo Jbs{x} > e/2. 

Let Se be the set of points a; e M x int(y) that satisfy the inequality in (b). 
Since XfCE.^) is uniformly bounded we have 

infliminf / \F^ + X f{E^)f ^ M limM [ f > - 

S>0 y^cc Jb,{x) JBsix) 2 

for every x G Sg and hence the energy bound guarantees that Sg contains at 
most 4:E/e elements. If each point in (M x int(F)) \ S^ satisfies (a) we are done. 
Otherwise there is a point a; G (M x int(F)) \ S^ with 

inf sup / \Fs^ f > e. 



S>o 



Bs(x) 



In this case we can choose a subsequence (still denoted by ^i,) such that 



\FBf>l 

for all V. After passing to this subsequence we obtain a new strictly larger 
set Sg. Continue by induction. The induction terminates when each point 
a; £ (R X int(F)) \ S^ satisfies (a). It must terminate because in each step the 
the set Sg contains at most AE/e points. 

Step 2. We denote q :— 4p/(p + 4) G (2,4). If e > is sufficiently small and 
S = Sg is as in Step 1, then there exists a subsequence, still denoted by 2^, 
and a sequence of gauge transformations G Q {{M. x Y) \ S) such that u*Ei, 
converges to Soo G -^ioc((-'^ ^ ii^t(y)) \ S) in the W^^'^-norm on every compact 
subset o/(R X int(r)) \ S. 

There are universal constants Co > 1 and Ci > 1 such that 

liVall^. <Co(||d+a||^, + ||d*a||^.). ||a|L4 <Ci|lVa|l^. (139) 
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for a G ri^(i?i(0)) supported in the interior of the EucUdean unit balL These 
inequahties are scale invariant, and for S > sufficiently small the metric in 
geodesic coordinates on Bs{x) is C^-close up to a conformal factor to the Eu- 
clidean metric on -Bi(O). Hence the estimates (I139P continue to hold with the 
same constants Co and Ci for every compactly supported 1-form on a geodesic 
ball Bs{x) C M X y, provided that 5 > is sufficiently small. 

Now fix < e < {^CoCiCuh)~^ and choose a finite set S" = 5^ C M x int(y) 
and a subsequence (still denoted by Sj^) as in Step 1. Since e < euh it follows 
from Uhlenbeck's gauge that, for every a; S (K x int(F)) \ S, there is a radius 
(5 > and a gauge transformation Ui,,x G Q{Bfi{x)) such that 

\\K,x'^A\w^,2(Bs(x)) - ^Uf"^^ d*«_^S^) = 0. (140) 

By a global patching argument as in j^lOi Lemma 4.4.5] or [331 Proposition 7.6], it 
suffices to construct gauge transformations, limit connections, and establish the 
convergence on every compact deformation retract K C (M x int(y)) \ S. We fix 
K and find a covering by finitely many of the Uhlenbeck gauge neighbourhoods 
Bs.{xi). On each of these u* ^.Si^ satisfies (|140p . Now we fix a smooth cutoff 
function h : Bs.{xi) — > [0, 1] that vanishes near the boundary. Then 

-\\h ■ V* " II 

< Co||Wd+(<,,s,)|U2 + q|<,^s,||v^i,. 

— C'O II ^4 11^ ■ '^U.Xi^f^ IIl4 + ||Uj^ .J,. 11^4 + C ||Uj^ ^j/ II j^j^_2 

+ C'o(||w,;,x,(VE„^/(Si,))ui,,a;,||^2 + 1 1 1 1 1 1 X/ (S^) || ) 

< CoCiCtf^e \\h ■ ,j.^Si,||^2_2 + CCiji^e'^ + CCuhS 

+ Co{\\u~l^{Ws^Xf{E^))u^^^^\\^,_+Cuhe\\Xf{E^)\\^^). 

Here all norms are in Bs- (xi) and C denotes a constant that only depends on h 

and the radius 5i. In the first step we have used (|139p with a = di(h ■ 

i = 1, . . . , 4, and (|140p . In the last step we have used (|140p and the inequality 

||V(/i • <^^5i,)||^, <Ci\\h- M*_^^S^||^3_, 

of ([1351). Since CoCiCuhS < 1/4 and 

||Vh, X/(S.)||^2(5,^(,^)) < C(l + ||FHJL2(,,y)) 

for an interval / C R with Bg- (xi) C I x Y we obtain a VF^^^-bound on u* ^.S^ 
over a slightly smaller ball in Bs-{xi) where h= 1. 

By Uhlenbeck's patching procedure (see [32] or [33l Chapter 7]) the gauge 
transformations u^,xi can then be interpolated to find u^, £ Q{K) such that 
is bounded in W'^^'^{k). The compact Sobolev embedding W'^^'^{K) ^ W^^'iiK) 
for g < 4 then provides a VF^' '-convergent subsequence u*5y 5oo g A^''^{K). 
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step 3. We prove the theorem with h = e[A where e is as in Step 2. In partic- 
ular, we remove the singularities to find Sqo € A{M. x int(F)), a subsequence, 
and gauge transformations € 5((M x iiit{Y)) \ S) such that m*Si, in 
the W^'^ -norm on every compact subset of (R x int(y)) \ S . 

Step 2 gives ul'E.^ ^ 5oo e Ao?((^^ \ni{Y)) \ S) with q>2. This impHes L"^- 
convergence of the curvature on every compact subset of (M x int(y)) \ S', and 
hence with the exhausting sequence Ks ([—(5^^, (5^^] x F) \ Bs{S U M x dY) 




Next we consider small annuli around the singularities and denote their union, 
for fc G N sufficiently large, by 

Then J^^ \Fs^\'^ as fc ^ oo since the above limit exists. For sufficiently 
large k we can now patch Uhlenbeck gauges to obtain a gauge transformation 
Uk G G{Ak) such that ||u^Soo|lLi(Afc) < C'll^s^ 0. The patching 
procedure does not introduce fc-dependent constants or a flat connection since 
the inequality is scale invariant and each annulus can be covered by two balls 
whose intersection is connected and simply connected (see [101 4.4.10]). 
We extend Uk to (M x F) \ S* and denote 

Here we pick a subsequence i/^ — > oo such that 

for all k > ko sufficiently large, and 

lim sup \\u* - -oo\\r4(A^) = 

In particular, we have ||S'j,||^4(^j,) ^ as fc ^ oo. Now consider the sequence 
of extended connections 

Sfc:=/ife-4G^(Rxy), 

where /i^ : M x F ^ [0, 1] is a cutoff function that vanishes on B2-k{S), varies 
smoothly on Ak with \dhk\ < 2*^+^, and equals to 1 on the complement of 
B 21 -k{S). The curvature of the extended connections is 

% = hk ■ Fh, + ^{hl ~ hk)[E', A + dhk A El 
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So for (5 = 2 , and fc > ^ + 1 we have 




The right hand side converges to 2 /g^^g) I^HooP as fc ^ oo, so for sufficiently 

smaU S = 2^^ we have locaUy small energy supj, Jg^^.^^ I'^'='fcl^ < e at every 

a; € M X int(F) for the subsequence {Ek)k>e- (For x ^ S this is true by Step 1.) 
Now we can find an Uhlenbeck gauge Vk G G{Bs{S)) such that 

d*K.Sfc) = 0, ||w^.Sfe||^^i2(B_,(s)) - ^UhS. (141) 

The VF^^^-bound allows us to choose a VF^^^-weakly convergent subsequence 

On the other hand, for every closed ball D C Bs{S) \ S and every sufficiently 
large k (such that hklo = 1) the same estimate as in Step 2 provides W^''^- 
bounds on vlEklo and thus M^^' ^-convergence v^Ek Sqo G AI^I{Bs{S) \ S) 
on every compact subset. 

We can extend the gauge transformations Vk £ G{Bs{S)) by Uhlenbeck's 
patching procedure to a compact deformation retract S C K C M. x int(y) 
(which is covered by Bs{S) and finitely many balls in (Ilixint(y))\S' on which we 
also have an Uhlenbeck gauge and hence VK^'^-bounds), and to R x int(y) by the 
general extension procedure [331 Proposition 7.6]. This provides a subsequence 
and gauge transformations Vk & x int(y)) such that the w^Sfe converge in 
the W^-'^'^-norm on every compact subset of (M x int(y)) \ to a limit connection 
5oo G Aoc((^ ^ int(y)) \ S). In particular, this means that 

ul^E^^ Soo, := u^^UkVk e ^((M X int(y)) \ S), 

because = {u^i.Uk)*'B.,y^ on compact subsets of (]Rxint(y))\S'. Moreover, the 
limit connection extends to S such that vl^k Soo G A^'^{Bs{S)) converges 
W^'^-weakly and L'*-weakly. 

bmce IS of class W^^^, the perturbation Xf(Eoc) e L°°{R x Y) is weh 
defined, and we claim that 

Xf{vlEk)^Xf{E^), u-^'Xf{E,Ju,,^Xf{E^) (142) 

in the LP-norm on every compact subset of M x y. If does not intersect 
the support suppX/ :— IJ^j^ M x im7i of the perturbation then Soo|suppXj is 
the W^^^-\imit of vlEk\suppXf = vlE',,\supp x f = ul^E^JsuppXf and the claim 
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follows directly from Remark ID. 21 and the Sobolev embedding W^''' ^ on 
compact subsets of M x F. If S* does intersect the set suppX/ at some points 
{sj,lij{Oj,Zj))j^i^,,,.n C 5, then we have 

only on the complement of a solid cylinder neighbourhood Zk of the loops 
{sj,"fi.{S^ , Zj)) d Rx Y. More precisely, C M x int(y) is given by the 
union of all loops {s,'-fi{S'^ , z)) that intersect the support of 1 — h^. It thus 
is a union of solid cylinders whose width is of order 2^~^. If we fix the cylin- 
der neighbourhood Zk„ , then the previous argument still applies for fc > fco to 
give L^-convergence on the complement of Zk^ . The remaining Zk^ has volume 
of order 2'^"^''°, and the perturbations Xf(Eao), Xf{vlEk), and Xf{E^i^) are 
all uniformly bounded by Proposition ID. II (iii) (with k = 0). So we see that 

ll-^/KSfe)--^/(Soo)||Lp(z,.„) and ||{t-iX/(S^Ju^, -X/(Soo)||LP(Zfcj also con- 
verge to zero as we let fc > fco ^ co. This proves (|142p . 
A first consequence is that the limit connection satisfies 

(^H^+^/(2oo))+ = (143) 
because this is the local weak i^-limit of (^F^,~^ + X f (v'Jl'Ek))'^ and 

which converges to zero by similar estimates as before. Another consequence is 
the energy identity: We have 

Ki^k + Xf{vlSu) ^ Fg^ + Xf{^^) 

in the L^-norm on every compact subset of (R x int(y)) \ S. So, exhausting 
R X y with 

Ks X r) \ Bs{S U M x dY), 
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we have 



lim lim 

6—*0 A;— i-oo 2 



JKs 



< \imsupEf{E^) - Nh. 



u — >oc 



Here h := e/4 with e > as in Step 2. 
It follows from (fUTj) and (fT43ll that 

d*s„, = o, ||Soo||^,(5^(<,)) <Ct//,£, ^^^^ e L°°(M X r). 

This implies e ^^'^(-B5/2('5')) by a standard argument as in 10, Proposi- 
tion 4.4.13], using the estimate 

ll-'^llvFi.^ — ^ iW'^ + IL^ ll-'^IL" ll^'^ll 

for compactly supported A e A{Bs{S)). Hence we have Sqo G .4Jq|!(M x int(y)). 
Now the standard regularity theory for anti-self-dual connections (e.g. [33l Chap- 
ter 9]) together with Remark ID.2[ for control of the perturbation, provides 
another gauge transformation that makes Sqo smooth and does not affect the 
convergence. 

It remains to strengthen the convergence 



on (M X int(y)) \ S* to the IVj^^'^f-topology. Again, it suffices to construct the 
required subsequence and gauge transformations on a compact deformation re- 
tract if C (M X int(y)) \ S. We pick a compact submanifold 

M C (M X int(y)) \ S 

such that K C int(M) and apply the local slice theorem (e.g. [331 Theorem 8.1]) 
to find gauge transformations u,^^ e G (M) such that 

'^s^^^'^k"~''^k ~ ^oc) — 0, ^lim^lju^^^^^ — 11^1^ ^j^^^^ = 0. 

Since {t*^Si,^, |a/ has the same PF^'''-limit, the gauge transformations u^^^u^^ £ 
Q{M) converge, for a further subsequence, in the weak iy^''?(Af)-topology to an 
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element Moo of the isotropy subgroup of Sqo ■ We can make sure that this hmit 
is in fact 1, by modifying u^^ to u^^u'^ in the local slice gauge. With this we 
have 

£m^||<^S,, ~ ^-IIlp(m) = 0' - ^-)|Lp(a/) = 0' 

so we can use the elliptic estimate for d"*" © d* on M. For that purpose fix a 
cutoff function h : M ^ [0, 1] with h\K = 1 and h = near dM. Then 

\\d+{h{u:E,,~E^))l 

< Ch||<^_S^, - Soollp + \\Xf{Eoa) - u-^Xf(E^^)u^^\\^ 
+ ||/i[Soo ASoo]+-/i[<S,, A<S,J+||^. 

Here the constant Ch ■— ||V/i||oo is finite, so the first term converges to zero 
as A: ^ oo. The second term also converges to zero due to (|142p and the 
C'^-convergence u~^u^f. —> 1. Finally, the third term can be bounded by the 

constant (2||Soo||l~ + Cs\\h{ul^E^^ - Eoc)\\w^.p)\\Kt'^:^k -2oo||lp with a con- 
stant Cs from the Sobolev embedding W^'^(M) ^ C°(Af ). Now apply the ellip- 
tic estimate for d+0d* to the compactly supported 1-form rjk '■— h{ul^E^^ — Sqo) 
to obtain 

with a finite constant C. Since \\u*^E^^, — Soo||lp(m) ~^ this can be rearranged 
to prove that 

This finishes the proof of Step 3 and the theorem. □ 



E The Lagrangian and its tangent bundle 

For any compact manifold X, any integer fc > 0, and any p > 1 we denote the 
space of H^'^'P-connections by 

^fe.P(X) W'''P{X, T*X (E) g). 

If (fc + l)p > dimX then the gauge group 

gk+hPi^X) := W''+'^'P{X,G) 

acts smoothly on A'''P{X). For p = oo we denote by A^'°°{X) the space of 
C'^-connections; similarly for Q'''°°{X). 

Let y be a compact oriented Riemannian 3- manifold with boundary dY = E 
and C C A{T,) be a gauge invariant Lagrangian submanifold (in the sense of 
(LI) of the introduction) such that C/GzC^) is compact. For (fc -I- l)p > 2 the 
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]/j/fc,p_(;losure of £ is a Banach submanifold of A^^'^CS), which we denote by C'^'P. 
(This follows from the Sobolev embedding VF'='P(E) ^ L«(S]) with g > 2 and 
the fact that the L'^-Banach submanifold coordinates in [Ml Lemma 4.3] restrict 
to VF'^'P-coordinates.) Again, we denote by £^^°° the C'^-completion. Denote 

A'''P{Y,C) ■■= {A € A'''P{Y) I A\9Y e 

This is a Banach submanifold of A'''P{Y) for {k + l)p > 3 since the restriction 
map A'''P{Y) ^ A'~'''^{J^) with g > 2 is smooth and transverse to C. Theorem lE.4l 
will provide a gauge equivariant exponential map for A^'P(Y, £), from which we 
construct an exponential map for ^^'P(M x Y, C; 5+) in Corollarv lE.51 
Moreover, consider the vector bundle £ — > A{Y, C) with fibre 

£a ■.^n\{Y,Q) = {a&9}{Y,Q) \ * a|ay = 0, a\sY e TaC}. 

In Theorem IE. 21 below we construct local trivializations of £. In a preliminary 
step we construct local trivializations of the tangent bundle of £. Note that 
these trivializations extend to the fibrcwisc L^-closure of the tangent bundle 
although it is not known whether the L^-closure of C is smooth. 

Theorem E.l. For every Aq €z C there exists a neighbourhood U <Z C of Aq 
(open in the C'^ -topology) and a family of bijective linear operators 

parametrized by A £U, such that the following holds. 

(i) Pa„ = a- 

(ii) For every A £14 and every a G f2'^(E,g) we have 

PAa e TaC a e Taq-C. 

(iii) For every integer k > and every p > 1 the operator Pa extends to a 
Banach space isomorphism from W^'^'^(I], T*E (g) g) to itself; this extended 
operator depends smoothly on A £ £i^-°° -with respect to the operator norm 
on Pa- 

(iv) For every integer k > 0, every p > 1, every A G [0, 1], and every A £ ]J^^°° 
the operator All + (1 — \)Pa extends to a Banach space isomorphism from 
1^'^'P(E, T*E (g) g) to itself. HereU^'°° denotes the interior of the closure 
ofU in C^^^. 

Proof. Choose a 3-dimensional subspace E C 0*^(2,0) such that the restriction 
of Aao ■ 51*'(E,0) r2^(E,g) to (the L^-orthogonal complement of E) is 
injective. Then there is a constant C such that ||'f||M/i,2 < C||dAof||L2 for all 
^ £ E-^. This estimate continues to hold for each A £ C that is sufficiently close 
to Af) in the C"-norm. Hence there is a C^-open neighbourhood U C C oi Aq 
such that d^ : E^ i^^(E, g) is injective for every A £ U. Define 

H\,e ■■= {a e f^^E, g) I *dAa£ E, d^a £ E} . 
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Then, for every A E U, there is a generaUzed Hodge decomposition 

n\i:,e)^HXE(SdA{E^)®*dA{E^). (144) 

The three summands in (|144p are orthogonal to each other and the generalized 
Hodge decomposition extends to each Sobolev completion ^'^■^(S) in the usual 
fashion. This uses the fact that the operator 

Aa,e := d*AdA ■■ r!"(s,s) D ^ n"{j:,2)/E 

extends to an isomorphism from W^'^'^''^ to M^'^'P (with p > 1) for every A ElA. 
(The operators A^^^; are all injective and compact perturbations of the iso- 
morphism /^Ao.E-) The standard Hodge decomposition corresponds to the case 
E = ker dA- The reason for our construction with E independent of A is the 
need for a Hodge decomposition which depends smoothly on A. 

The Lagrangian submanifold C gives rise to another L^-orthogonal decom- 
position, f7i(S,0) = TaC e *TaC, see [21 Lemma 4.2]. Since dA{E^) C TaC 
and >i=dyi(-E^) is perpendicular to T^£ it follows from p44p that we have 
TaC = Ka® dA{E^), where 

Ka := n Ta/: 

is a Lagrangian subspace of H\ ^. Hence there is a refined Hodge decomposition 

Vi\Y.,q)^ kA®*KA®dA{E^)®*dA{E^). (145) 
For AeU we define a bijective linear operator Pa ■ il^(S,g) 57^(I],g) by 

PA{ao + + dAo£. + *dAoV) ■= ^Aao + *^aP() + d^C + *(^aV 
for ao, Po € Aao and ^,r] e E^ <Z g), where 

Ha :1^'(S,0)-^ 

denotes the L^-orthogonal projection. (Shrink U, if necessary, so that the re- 
striction of Ha to A^o is a vector space isomorphism for every A £ U.) Note 
that Pao = Id and Pa« € TaC iff a € Taq^- We claim that each operator Pa 
extends to a Banach space automorphism of Ta^'''^(S) = VF'''P(E, T*E(g)0) for 
all k and p, and this automorphism depends smoothly on A e £'''°° . To prove 
this we write Pa as the composition of three linear operators. The first is the 
Banach space isomorphism 

W^'^'f (E, T*S Aao X Aa„ X W^^+^^f (E, g) x W^^+^^f (E, g) 

induced by the Hodge decomposition for Aq. Here VF^^"'^'^(E, g) denotes the 
L^-orthogonal complement of E in VF'^+^'P(E, g). The second operator is the re- 
striction of Ha on the factors A^o and is the identity on the factors VF^^^'^(E, g). 
We think of the target space of this second operator as the product 

T/F*='P(E, T*E (g) g) X H/'='P(E, T*E ® g) x W^^+^'^'(E, g) x W^+^'^iT., g). 
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The third operator maps this product to to W'''P{T,,T*T, g) via 
{a, 13,^,7]) a + *I3 + d^^ + *dAV- 

The first operator is independent of A and the third depends smoothly on 

A e £'^'°°. By the Hodge decomposition for A it restricts to an isomorphism 
from AaxAaX l^^+^'P(S,fl) x W^^+^'^'(I],0) to W'^-f (S, T*S (g) fl). It remains 
to prove that the map 

^fe.oo ^ Hom(A^„ , iy'='P(S, T*E(»q)) : A^Ua 

is smooth. To see this we write as the composition of two projections 

IIa = n^^^ o Ut^cIaao- 

Here Hj^i ^ : W'''P{E, T*!] g) W''^p{E, T*E q) denotes the L^-orthogonal 
projection onto H\ ^ given by 

Uhi^ ^a:=a- dAA;^_^^(d^a) + *dA^']^^Ei*'^Aa) ■ 

It depends smoothly on ^ € £fe,oo p y since the same holds for the operator 
Aa,e : VF^"^^'^(S,0) W^-'^'P{Y.,q)/E and its inverse. The operator 

Ht^£ : W^'^iT., T*I] fl) ^ I^'='P(S, T*E g) 

denotes the L^-orthogonal projection onto T^a^^'^- For (A; + l)p > 2 wc know 
that £'^'P C ^'^'P(S) is a Banach submanifold, so Hx^r depends smoothly on 
A e £'^'2', and this proves that H^ depends smoothly on A e C'^'°° . In the case 
(fc + l)p< 2, i.e. k = {),p< 2, wchavc^"-''(S) ^ A^'P{Y). The LP- and the 
norm are equivalent on the finite dimensional space A^o C Hence Ha 

is the composition of the projection Ht^£ : L^{T., T*Y. <g) G) ^ L^(T,, T*E Q), 
restricted to Aao, the inclusion L^{T,,T*i: <gi G) ^ LP(I],T*I; G), and the 
projection H^i^ ^ : LP{T,,T*T, ® G) ^ Lp(E,T*I] G)- All of these depend 
smoothly on A e C^'°° . 

To prove (iv) shrink U such that \\t- Pa\\c(l^) < 1/2 for all A^U. Then 
Al + (1 — \)Pa is invertible on for every A G [0,1] and every A e U^'°° . 
Invertibihty on for A G Zi*='°° now follows from elliptic regularity for the 

Laplace operator. This proves the theorem. □ 

Theorem E.2. For every Aq e AiY,C) there is a neighbourhood U C Aiy^C) 
of Aq (open in the -topology) and a family of bijective linear operators 

QA:fl\Y,g)^n\Y,g), 

parametrized by A gU, such that the following holds. 

(i) Qao = 1. 
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(ii) For every A £lA and every a £ Vi^ (Y, q) we have 

Moreover, *{QAo)\dY = *o\dY and (QAOt)\dY = ijf a\gY = 0. 

(iii) For every integer fc > and every p > 1 the operator Qa extends to a 
Banach space isomorphism from W'^'P{Y,T*Y ^ q) to itself; this extended 
operator depends smoothly on A G A'''°°{Y, C) with respect to the operator 
norm on Qa- 

Proof. Choose geodesic normal coordinates to identify a neighbourhood of dY 
with the product (— e, 0] x E via an orientation preserving embedding 

L : (-£, 0] X E ^ y. 

For a connection A E A{Y, C) and a 1-form a £ ^^{Y, g) we write the puUbacks 
under t in the form 

L*A^: B{t) + '^{t)dt, L*a ^: P{t) +^jj{t)dt. (146) 

Then B{0) = A|s e C. Choose a neighbourhood Uq d C oi Bq := ^o|s 
(open in the C°-topology) and an operator family Pb ■ il^(E,g) ri^(E,g), 
parametrized by _B e Uq, which satisfies the requirements of Theorem lE.ll 
Then we have Pb„ = l. Now 

U := {AeA{Y,C) I Al^eUa} 

is a C°-open neighbourhood of Aq. For A £ U we define the bijective hnear 
operator Qa : n^Y,g) ^ n^Y.g) by 

i*{QAa) := h{t)l3{t) + (1 - /i(t))P^|^/3(i) + ^(t) dt 

for L*a of the form (|146p . and by Qao: := a outside of the image of l. Here 
h : (—£,0] [0, 1] is a smooth cutoff function that vanishes near and equals 
to 1 near — e. The operator family {QA}Aeu satisfies conditions (i)-(iii). □ 

The construction of exponential maps will be based on the following. 

Lemma E.3. Fix a constant p > 2. There is an open neighbourhood 

U°''P C Lf(E,T*E®g) 

of zero and a smooth map 

£0,p X yO,p ^ jO.P(^Y,) : {A,a) ^ OAia) 
satisfying the following conditions: 
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(i) For every A e the map Qa '■ U^'^ A^''^{Tj) is a diffeomorphism from 

U^'P onto an L^-open neighbourhood of A in A'^'^iT,) such that 0yi(O) = A 
and DQa{0) = Id- In particular, there is a uniform constant C such that 

\\eAia)-eAia')\\Lp < C\\a-a'\\LP 
\\DQAia)(3 ~ DeA{a')l3\\L. <C\\a- a'||Lp||/3||Lp 

for all A £ C°''\ a G U'^^p, [3 G T*E ® q). 

(ii) is gauge equivariant in the sense that for u G 

0m*a(m~Vu) = u*QA{a). 

(iii) For every A G C^'P 

(iv) For every integer k > 1 and every A G C^'^ the restriction of Qa to the 
intersection U'^^P :^ U^^poW'^'P is a diffeomorphism onto its (open) image 
in A'^'PCS). It depends smoothly on A C^'P and satisfies 

\\QA{a) - QA{a')\\w^.v < C(l + ||A||i=o)||a - a'W^i,,, 
\\DeA{a)l3 - DeA{a')(3\\w^,, < C{1 + - a'||v^i.p||/3|lv^i.p 

for all A G C^ P, a,a' G U^'P, and (3 G W^-p{Y.,1:*Y. ® g) with a uniform 
constant C . 

(v) The restriction of Q to an open neighbourhood of the zero section in the 

subbundle *T£'^'P C C^'P x U'^'P is a diffeomorphism onto an open neigh- 
bourhood W'^'P C A^'PCS.) of C^'P . The composition of its inverse with the 
projection onto C^'P 

: yyO'P C° P 

is gauge equivariant and maps YV^'P := YV^^p n W^^'P to C^'P for every k. 

Proof. Since C^'P /Q^-p{Yj) is compact it suffices to provide the construction for 
smooth j4 G £. The smooth extension to is then provided by the equivari- 
ance (ii). For every smooth connection yl G £ we have an L^-orthogonal direct 
sum decomposition from 34, Lemma 4.2], 

if (E, T*S ®q) = TaC^'^ © ^TaC^ p. (147) 

Moreover, Ta£°'P = La® AaW^'P{T.,q), where La Ta/:°'P n /i^ C VL^{T.,q) 
is the intersection of TaC with the harmonic (and thus smooth) 1-forms 

h\ := kerd^ n kerd^ C rj^(i;,0). 

We denote the L'^-orthogonal projection in (|147p by 

t:a :LP(E,T*E®0)-^Ta/:O'P. 
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It smoothly depends on A G C, is gauge equivariant tTu* Aiu~^ au) = u~^'iTA{a)u, 
and satisfies d^ o tta = d^ because imd^ C T^£°'P. By standard Hodge the- 
ory, this projection restricts to a bounded Unear operator from the subspace 
W'='P(S,T*S ® g) to Ta^C'^'P = La® dAW''+'^'P{E,g) for every integer fc > 1. 
For each A £ £ the map 

£0,p ^ TaC^'P : B ^ TTAiB - A) 

is smooth and its differential at iJ = A is the identity. Hence it restricts to a 
diffeomorphism from an i^-open neighbourhood of A onto an open set 

V°'^ C TajC°'P. 

We denote its inverse by 

It follows immediately from the definition that tjj is smooth and gauge equivari- 
ant in the sense that 

tlJu'A{u~'^C(u) = u*VA(a) 
for all A G C, u € GC^) and a G V^'^. Its differential at is the identity, 
£'Va(0) = Id, hence on a small ball {\\a\\Lp < 6} D V^'^, we can bound the 
Z/^'-operator norm ||£''0^(a)|| < 2, and thus obtain a linear estimate for all 

Ua{c^) -Mc^')\\lp < I \\DxljA{ta + {I - t)a')\\\\a - a'WLP <2||a-a'|Up. 

JO 

Similarly, since D%1>a is continuously difTerentiable, we obtain for all a, a' in (the 
possibly smaller) V^^^ and all e TaC^'^ 

\\DiPAia)f3 - DiPAia')f3\\LP < C\\a - a'|lLp|l/3||Lp 

with a uniform constant C. (In fact, C is also independent of A G £ since the 
estimates are gauge invariant and C/Q{Yi) is compact). In particular, we have 

IIV'A(a) - A\\lp < 2||a||LP, ||£>^A(a)/3 - < C\\a\\Lp\\l3\\LP. 

Moreover, ■^^ maps the intersection V^'^ := V^'^ fl W'^'^ to W^'^'P-regular points 
in C'^'P because i^i/'A(a) = ^^'^ 

d\{i,A{a)-A) = d\{-KA{ipA{a)-A)) = d\a G W^-^'P{Y.,q). 

In fact, we obtain an estimate for all A G C^'^, a, a' G V^'^ (denoting all uniform 

constants by C) 

\\ipA{a) - tpA{a')\\w^.p 

< C{\\d{Ma) - Ma')) lip + \\d*{ibA{a) - ^a')) \\^ + \\Ma) - M(^%) 

< C{UA{a) - ^A(a')||p + UA{a') - A||p)||^^(a) - ^A(a')L 
+ C||d^(a - Q;')||p + C||A||oo||'(/'yi(a) - ipAia')\\p + C\\a - a'\\p 

< C{1 + \\A\U\\a - a'llv^i.p + C{\\a - a'||p + \\a'\\p) \\Ma) " Mc'')\\w^..- 



148 



If wc choose V^'^ sufficiently small, then the second term can be absorbed into 

the left hand side, which proves 

\\^PA{a)^iPAia')\\w^.P < C{l + \\A\\L^)\\a-a'\\w^., yA e C'-P,a,a' e V'/. 

Note that this estimate does not simply follow from smoothness of ipA since V^'^ 
is not even bounded in the T4^^'^'-norm. Similarly, we obtain uniform estimates 
for the Hnearization Di/ja of ipA using the identities d^j^(^ct){Dtl>A{oi)l3) = = 
dA/3 and d\{D^JA{a)f^) = d\(3, 

- ^VM(a')/3|ki.p 

< C{\\d{D^PA{a)^ - DijAia')^) + ||d* (D^^(a)/3 - I?^^(a')/3) ||p 

+ \\Di;A{a)p-Di;A{a')P\l) 

< C(l + \\A\\^)\\{DijAia) - Di^A{a'))(3\\p + UA{a) - ^^(a')l|ooPV'A(a)/3|lp 

+ CWi^Aia') - A\\p\\D^A{a)l3 - I?VA(a')/3L 

< C{1 + \\A\\^)\\a - a'U\l3\\p + C\\a - a'\\wM^ + 
+ C\\a\\Lp\\Di;A{a)p - DVA(a')/?Li,p- 

For V^'^ sufficiently small, this can be rearranged to 

\\Di;A{a)0 - D'tPA{a')p\\w^,v < C{1 + ||A||i=c)||a - a'\\w^,4P\\Lv. 
Now choose an open neighbourhood C L^'(I],T*S (g) of such that 

TTAiU'^'P) C V^'P 

for every A G C. Then the map 6 a : W^'^ ^ defined by 

6^(0;) := il)A{T^A{a)) +a- iTA{a) 

has the required properties. The estimates for 6^ follow from the linearity 
of TTA and the linear estimates for ipA- To check (v) note that the differential 
of e|*T£o.p at (A,0) is the isomorphism TaC°'P x *TaC°'P LP{T,,T*T, (g) q), 
[t], (3) t] + f3. So the restriction of 9 to *T£°'P is a local diffeomorphism near 
the zero section. To sec that it is globally injective we assume by contradiction 
that 9^^ (a,) ^ Qb, (A) for some A„ B, e C°'P and some a^, A e *Ta,C°'P with 
IIcKiIIlp + IIAII-Lp ^ 0. Since 9 is equivariant and C'^'P /0^'P{T,) is compact, we 
can assume w.l.o.g. Ai A^c and u*Bi Boo in the C°°-topology for some 
Ui e Then 9^,(0^) Aoc and ?i*9A,,(ai) = 9„.B; (u^" Vi^i) Boc, 

so we can find a convergent subsequence ui Uoo G G{^)- Consequently 
Bi *Boo = Aoc, has the same limit as A^, in contradiction to the local 

injectivity of 9|*T£0.p • CH 

Theorem E.4. Fix a constant p > 2 and a compact subset N C A^'P{Y,£). 
Then there is an open neighbourhood U C TA^'P{Y,C) of the zero section over 
N and a smooth map 

U A^^Piy, C) : {A, a) ^ EA{a) 
satisfying the following conditions: 
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(i) For every A e A^^p{Y,C) the map Ea : U H TaA^ p{Y,C) -> A^'P{Y,C) is 

a diffeomorphism from a neighbourhood of onto a neighbourhood of A 
such that Ea{0) = A and d£'A(0) = Id. 

(ii) E is gauge equivariant in the sense that for u G Q^'P{Y) 

Eu*a{u^^Q:u) ~ u*EA{ct)- 

Proof. Our construction will be based on the two maps from Lemma lE.3l 

e : C°^P X U°'P A°'P{J:), n : W^'P C°'P. 

We start by fixing a tubular neighbourhood t: (— l,0]xS^yof the boundary 
dV ^ {0} X E such that T*A|{f}xs e W°'P for all A e TV and t e (-1, 0]. This 
is possible since t*N C W^'pI{-1,0] x S) C C°{{-1,0],A°'P{J:)) is compact. 

On the complement of the image of t we define EA{a) := A + a. On the 
image of r write t*A = B{t) + '^{t)dt and T*a = f3{t)+ip{t)dt, where f3{t) G U°'P 
can be ensured by the choice of neighbourhood U B a oi the zero section. With 
this we can define T*EA{a) :— B + + ip)dt by 

B{t) B{t) + p{t){Q,(Bit)){m) - HB{t))) + (1 - p{tymt), 

where p : (—1,0] — > [0,1] is a smooth cutoff function satisfying p = I near 
and p = near —1. The claimed properties of E now simply follow from the 
properties of Q and tt in Lemma lE.31 □ 

Corollary E.5. LetB^,B+ e A{Y,C) andE = A+$ds e A{M.xY, C; B+) . 
Fix p > 2, then there is an open neighbourhood U C THyli'P(R x Y, £; B^,B+) 
of zero such that 

E:U ^ A^-PiR X Y,C;B-,B+), E{a + ipds) EA{a) + {<P + ip)ds 
defines a continuously differ entiable homeomorphism onto a neighbourhood ofE.. 

Proof. Here we follow the construction of the exponential map of Theorem IE. 41 
over the compact subset N := {A{s)\s e M} U {B^,B+} C AiY, C). Wc fix the 
tubular neighbourhood r : (—1, 0] x S ^ F of the boundary such that t* A{s) = 
B{s,t) + *(s,t)di with B[s,t) e for all (s,i) e M x (-1,0]. For 

a + '.pds G Th^^'''(IR X i?4.) with ||Q! + (/3ds||vi/i,P(Rxy) sufficiently small 

the Sobolev embedding W'^'P{R x (-1, 0] x S) C°(E x (-1, 0], LP(S)) ensures 
that T*a = ^(s, t) + V'(s, t)dt with /3(s, t) e for all (s, G R x (-1, 0]. 

Thus we have E[a + Lpds) — A + a + (<I> + (/3)ds on R x (F \ imr) and 
T*E{a + (/3ds) = B + {m + V')dt + ($ + (/7)ds on R x (-1, 0] x S with 

B{s,t) = +p(t)(e^(i3(M))(/^(s:*)) - AB{s,t))) + (1 -p(i))/3(5,t). 

That i? is a bijection to a neighbourhood of S follows directly from Theorem lE.4l 
For a restriction to a compact subset of R x y the smoothness of E follows 
directly from the smoothness of the 3-dimensional exponential map. To see 
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that the 4-dimensional exponential map also is continuously differcntiable with 
respect to the 14^^'P(K x y)-norm on the noncompact domain, it suffices to drop 
linear terms and the cutoff function p and check that (3 ^ ^■k{b){P) — ^{B) 
defines a C^-map W^^p(Rx {-1,0], Lp{T.)) -> W'^'P{Rx {-1,0], LPiE)) and also 
induces a C^-map Lp{R x {-1,0],W^'P{T.)) Lp{R x (-1, 0], M^I'P(S)). This 
follows from the linear bounds for Q and tt in Lemma [E.3[ as follows. For all 
e W^^P{R X (-1,0] X E,T*S(g)0) we have 

||e,(B(,,t))(/3(s,<)) - e,(B(.,t))(/3'(s,t))||i,(s) ^ - /3'(s,0IIlp(e), 

||07r(S(s,t))(/3(s,i)) - 07r(B(s,t))(/3'(s,^))||^;i^i,p(s) < C\\l3{s,t) - f3'{s,t)\\w^.P(S)- 

For the (s, t)-derivatives we use the smoothness of & in the L^'-norm to ob- 
tain uniform continuity for the derivative by A in the L^'-operator norm, i.e. 
\\Die{A,a) - Die{A,a')\\ < C\\a - a'||Lp(E) for all sufficiently small a, a' e 
LP(S,T*E (g) 2). Since ||/3(s, i)||LP(E) for s ±oo this applies for aU 
t € (—1,0] and \s\ sufficiently large, so that 

||9s(e^(i3(5^f))(/3(s, t)) - Qyr{B(s,ty){P'{s, t))) ll^p^j,) 

< \\DQ^^Bis,t)){P){dsf3{s,t) - dsP'{s,t))\\^^^^^ 

+ \\{D,e{7r{B{s,t)),P{s,t))-DMHB{s,t)),p'{s,t)))ds7T{B{s,t))\\^^^^^ 

< C{\\dsp{s,t) - dsf3'{s,t)U.(^) + \\f3{s,t) - /3'{s,t)\\L.ij:)\\d,B{s,t)\\L.i^)). 

(The same holds for dt{- ■ .).) Integrating these estimates over (s, t) e (— 1, 0] x R 
proves ly^'P-continuity of E{a + ipds). To check continuity of the differential 
we use the analogous estimates for DQ, in particular we use uniform continuity 
for the second derivatives of 8 (which again hold for ||/3(s, t)||Lp(S) sufficiently 
small, i.e. \s\ sufficiently large) to obtain 

\\ds{De^^B(s,t)Ms,t)) - De^(^Bis,t)0{s,t)))-f{s,t)\\^^^^^ 

< II {De^iB){P) - i?e,(B)(/3'))a,7|Lp(s) + \\D^Q.{Bm{dsP - dsp', 7)|Lp(s) 
+ \\{D,D2e{7r{B),P)-DiD2e{7r{B),P')){ds7T{B),j)\\^^^^^ 

< /3'|Up(s)||5,7||lp(s) + \\dsf3 - a,/3'|Up(s)||7lUp(E) 

+ \\P - P'\\LP{Y:)\\dsB\\LP{i:)h\\LP{Y:))- 

Integration then proves the continuity of DE in W^'P{M.xY). (Strictly speaking, 
we can only integrate the above estimate over the complement of a compact 
interval in M. However, the same estimate holds on the compact part due to 
the smoothness of 0.) 

\\d4DQ^^B){f3) - ^e.(B)(/3'))7|L.(«,(_i,„],5,) 

< C\\P — /3'||l~(Rx(-1,0]xS)||c^s7||-Lp(Rx(-1,0]xS) 

+ C\\dsl3 - 9s/3'||iP(Kx(-1.0]xS)||7ll-L~(Rx(-1.0]xS) 

+ C\\P — /9'||L~(Rx(-l,0]xS)l|f^s-B||LP(Rx(-l,0]xS)ll7llL°°(Rx(-l,0]xE) 

< C||/3 — /3'||lVi,p(Rx(-l,0]xS) (l + ||5si?||LP(Rx(-l,0]xS))||7l|wi.p(Rx(-l,0]xS)- 
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